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Abstract
The paper introduces a new nonparametric specification test for dynamic regression
models. The test combines Chi-square statistics based on Fourier series regression. A
data-driven choice of the regression order, which uses the square-root of the number
of Fourier coefficients, is proposed. The benefits of the new test are: (1) the selection
procedure produces explicit and Chi-square critical values which give a finite sample
size close the nominal size; (2) the test is adaptive rate-optimal and detects local
alternatives converging to the null with a rate that can be made arbitrarily close to
the parametric rate. Simulation experiments illustrate the practical relevance of the

new test.
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1 Introduction

Starting with Bierens (1984) and Robinson (1989), nonparametric specification testing for dependent data
has received much attention in the econometric literature. The range of potential applications includes
nonlinearity tests and time series model building as reviewed in Tjgstheim (1994) and Fan and Yao (2003),
specification of continuous-time diffusion model for interest rates (Ait-Sahalia (1996)), specification of the
Phillips curve (Hamilton (2001)), rational expectations models and conditional portfolio efficiency (Chen
and Fan (1999), Robinson (1989)), tests of the Black and Scholes formula (Alt-Sahalia, Bickel and Stocker
(2001)) among others.

An important branch of this literature has considered a nonparametric approach which uses a smoothing
parameter, as a bandwidth or the order of a series expansion. This has raised two important issues, regarding
the detection properties and the size accuracy. The former can be addressed with efficiency considerations,
as pioneered in Ingster (1992, 1993), see also Guerre and Lavergne (2002). This framework leads to calibrate
tests to detect alternatives, in a given smoothness class, that approach the null at the fastest possible
rate. However, the proposed smoothing parameters depend upon the chosen smoothness class, which is too
restrictive for practical applications since the choice of a smoothness class is often arbitrary. Regarding the
size issue, the statistics considered in the literature are often quadratic but the critical values are computed
from a normal approximation which may be inaccurate, see Hong and White (1995) for nonparametric series
and Tjgstheim (1994) for kernel methods. Recent work for i.i.d. observations, such as Fan, Zhang and Zhang
(2001), suggests that more sophisticated approximations should be used instead of the normal. Hérdle and
Mammen (1993) and Gozalo (1997) have proposed, among others, bootstrapped critical values as a solution.
This may be difficult when the parametric model under consideration is specified in continuous-time and is
therefore costly to simulate or to bootstrap. Bootstrapping is also a burden when the dynamic specification
includes covariates which are not strongly exogenous and need to be simulated.

An important step for the detection issue was the development of the adaptive framework. Under
this approach, the smoothness class containing the alternative is considered as unknown. Adaptive tests
combine several statistics, designed for a specific class, to build a test, see Hart (1997) for a review of
earlier work in this direction. Spokoiny (1996) has developed an efficiency theory for the adaptive case.
Various papers considered adaptive rate-optimal tests using the maximum of the statistics, including Fan
(1996), Fan and Huang (1999), Horowitz and Spokoiny (2001), Spokoiny (1996,2001). More specifically,
Horowitz and Spokoiny (2001) have proposed an adaptive rate-optimal kernel-based specification test for a
general parametric regression model that has generated various extensions. Baraud, Huet and Laurent (2003)
consider some nonasymptotic refinements of the maximum approach for specification of a linear model. Poo,
Sperlich and Vieu (2004) are interested in a semiparametric null hypothesis while Gayraud and Pouet (2003)
considered a nonparametric null. Gao and King (2001,2004) and Fan and Yao (2003) have proposed to



extend the scope of applications to dependent data.

However, the maximum approach produces statistics with unstable asymptotic null behavior, so that
achieving an accurate size remains a difficult issue. Fan (1996) found that the null limit distribution of his
test gives a poor approximation for finite samples. Horowitz and Spokoiny (2001) did not derive a null limit
distribution and used simulated critical values. On the other hand, Guerre and Lavergne (2005) built on a
data-driven selection procedure which, under the null, selects a prescribed statistic with a high probability.
Compared to the maximum approach, this considerably reduces the complexity of the null behavior of the
resulting test statistic, which asymptotic distribution is a standard normal given by a specific statistic. But
the statistics of Guerre and Lavergne (2005) have a complicated quadratic structure so that these authors
used bootstrapped critical to achieve a level close to the nonimal size. Hence, as earlier mentioned, such an
approach may not be suitable for dynamic model.

In this paper, a suitable modification of the Guerre and Lavergne (2005) test is proposed to derive
an adaptive rate-optimal specification test with an accurate size in a dynamic setting. The considered null
hypothesis is the specification of the conditional mean for a time series with heteroskedastic innovations.
Nonparametric series methods are used to compute Chi-square statistics of various orders, which, in case of
low degrees of freedom, have an accurate Chi-square approximation under the null. A selection criterion,
using a low penalty term proportional to the square root of the number of coefficients, chooses a test statistic.
Hence the rejection region of the test can use accurate Chi-square critical values. The rest of the paper is
organized as follows. Section 2 presents our test and the adaptive framework on a non technical level.
Section 3 groups our main assumptions and our main results. After studying the null behavior of the test,
adaptive rate-optimality is introduced and the test is shown to be efficient. Detection of local alternatives,
approaching the null with a rate close to the parametric one, is also considered. Section 4 illustrates the size
and detection properties of the test with a simulation experiment and Section 5 concludes the paper. The

proofs are grouped in Section 6 and two appendices.

2 Heuristics of the data-driven test
Consider an autoregressive model with exogenous variables Z;,
Yi=p(Yio1, ..., Yiog, Zs) + 60 = p(Xt) + &4

with Xy = [Yi_1,...,Y:i_, Z}] € R, E[es|F;] = 0 and Var[e;|F;] = 02(X;), where F; is the past Borel field
generated by X7,...,X;. Given T observations (Y1, X1),..., (Y7, X1), we want to test that u(-) belongs to
some parametric family {m(-;8),0 € © € RP}, that is the correct specification hypothesis

Hy: p(-) =m(;0) for some 6 € O.



The proposed procedure builds on the estimated residuals (7,5 =Y, — m(Xy §T), where §T is a consistent
estimator of # under Hy, as for instance the nonlinear least squares estimator

T
O = i Y; — m(Xy;6))°
O arg%g;( t —m(X;0))

By Y; = u(X,) + &, the residuals decompose as U, = A(X,) + &, where A(-) = u(-) — m(~;§T) indicates
potential misspecification, which asymptotically vanishes under the null but not under the alternative. Our

test combines nonparametric series statistics constructed by projecting the residuals to detect the presence

of a significant 3() over a compact A = [\, A\]Z. More specifically, we focus on multivariate Fourier series
regression.! For k = [ky,...,kq) € Z%, define the k-th trigonometric function over A as
4 %COS(W:’Z)H(—)\SZS)\) n <0,
Yp(z) = H Fy,(z¢) where F,,(z) = \/%H (=A< z2<)) n =0, (2.1)
=t Rsin (BE)I(-A<2< ) n>0,
so that {¢y(-),k € Z%} is an Ly(dx)-orthonormal system, that is [, ¢y (@)¢p (z)dz = 1 if k = k' and 0

otherwise. Let |k| = Ez:1 |ke| be the degree of v (-). The series estimation of A(-) over A builds on
trigonometric multivariate polynomial function ZI k<K bk () of degree K, with a number ¢k of coefficients
b, proportional to K. To account for heteroskedasticity, assume that an estimator &(-) of o(-) is given, and

consider the generalized least squares estimator Bx = [bg, |k| < K],

T
Br = ( ’KQA\I!K) U QU = arg  min Z (

’
[or |k < K]

Ur — X juyer biton(X0)
o(Xe) 7

where U = [171, A ﬁT]’, 0O/2 is the diagonal matrix with entries o(X;), and ¥y is the T X cx matrix
[Vr(X:),1 <t < T,|k| < K]. Suppose that A(+) is a trigonometric polynomial function of order K. A

standard procedure to test the significance of Fourier coefficients would use the Chi-square statistic

~ ~ o~ —~ —1 T b}ﬂf)k X,
Rx =00 10y ( ’KQ—lfoK) V0= Z"“KK (X , (2.2)
t=1 7(Xt)
leading to reject Hy when }A%K is large. However, assuming that 3() has a finite series expansion of known
order K is too simplistic for practical applications. More generally, an arbitrary choice of K may affect the

power and a better understanding of the impact of K is important to build a proper specification test. Set

1Using other series approximation methods, as for instance polynomial functions or wavelets, is possible but leads to a
more involved theoretical study. Indeed, the Fourier system satisfies supy cza sup,ca |k (z)] < 0o, a condition which simplifies
algebraic manipulations under dependence mixing conditions. Another interest of Fourier methods is that using wavelets may
limit the scope of applications to alternatives with a maximal smoothness given by the choice of the wavelet basis, see the

wavelet tests considered in Spokoiny (1996) and Theorem 2.4 therein.



-~ ~

A= [A(X1),...,A(X7)] and € = [e1,...,e7] so that U=A+¢and ]%K decomposes into three terms
EK = ﬁlK + 2]/%21( + ]/%3[( with:

~ ~ o~ ~ -1 ~ L~

Rix = A’Q*\IJK( %Q*1WK> v 01A

~ ~ o~ ~ -1 ~

Rox = A’Q*I\PK( ’KQ*MIJK) Qe

~ ~ ~ -1 ~

Raxe = 0710 (qﬂKQ-l\pK) Qe (2.3)

The term ﬁl K 1s crucial regarding detection of potential misspecification. It is the squared norm of the or-
thogonal projection of 2~/2A on the columns of ~1/2W x| which increases with K up to 23:1 ﬁz(Xt)]I(Xt €
A)/52%(X,), achieved for ¢ > T. Hence Rk can be viewed as an downward biased estimation of the em-
pirical measure of misspecification Zthl A2(X)I(X, € A)/52(X,), that is
T o~
5 A%(Xy)
R - ,\7]1 X S A + b'aS K 5
1K ;02(‘&) (Xt ) ias;, (K)

where bias,(K) < 0 depends upon the unknown pu(-) and decreases with K. The other important term
in the decomposition (2.3) of the statistic EK is ﬁgK, a pure noise term. It can be expected that ﬁgK is
asymptotically a Chi-square variable with cx degree of freedom, with mean cx and variance 2ck, so that
ﬁgK = cx ++v/2cxOp(1). Neglecting? Rox and substituting in (2.3) gives a bias variance type decomposition

for Ry — cx®

>)

Q)

Ri —cx = t_zl j(())ét))]l(Xt € A) + bias, (K) + v2cxOp (1) . (2.4)

Looking for the best estimator Ri — cx of the misspecification indicator suggests that an ideal choice
of K should achieve the minimum of |bias,(K)| + v/2cxOp(1). However, this is infeasible in practice,
at least because bias,(-) depends upon the unknown p(-). Alternative feasible choices of K include AIC
and BIC as reviewed in Hart (1997). These selection procedures consider a K achieving the maximum of
}ABK — ~vcg where v is a penalty parameter. According to (2.4), this amounts to achieve the minimum of
|bias, (K)| + (v — 1)cx (1 + op(1)). Therefore these selection procedures asymptotically balance |bias,, (K)]

with (7 — 1)ek in place of the ideal order c%Q in (2.4). This suggests to use instead a lower penalty term of

the form ¢y, +’yc11K/2 affecting the square root of the number of coefficients c}(/z in place of ¢,. More specifically,

2 Assume that Ho is p(-) = 0 and that o(-) is known so that A(:) = u(-) and the choice 5(-) = o(-) is possible. In case of
Gaussian i.i.d. ¢ independent of the X}’s, ﬁgK would be an N(0, §1K) = Op(ﬁ%?), which can be neglected with respect to
ﬁlK when this variable diverges. Note also that the distribution of ﬁgK coincides with its Chi-square approximation for such
A(+), 3(-) and e.

3Note that EK — ¢k is a better misspecification indicator than EK, which is affected by an additional systematic bias term
ci. Guerre and Lavergne (2005) proposed a different bias correction that makes asymptotic inference less accurate in finite

sample, so that the Bootstrap is used.



let ICr be a set of admissible degree K larger or equal to K,i,. Our data-driven choice of K is

~

K7 = arg [?g}é {ﬁK —cx =1 (2(cx — CKmin))l/Q}

= arg max { Ric = Ricyu — (0K = i) =71 (2 (05 = i) * | with yr 2 0. (25)
KeKr

The introduction K;, quantities in the penalty criterion reflects a preference for low degree as justified now
from considerations on the null behavior of the retained ﬁg .
Yy

As seen from Fan (1996) or Horowitz and Spokoiny (2001), finding an accurate approximation for the

null distribution of a statistic which combines the R K’S as R is difficult. A first distinctive feature is that

K~
the selection procedure (2.5) is flexible enough to limit the contribution of the statistics with high K by
taking vy large enough. Indeed, a limit case is y7 = 400, which gives that K7 = Kin- This continues to
hold asymptotically provided ~yr diverges fast enough as shown in Theorem 1. Moreover, as detailed now,
an accurate approximation of the distribution of RKv is a standard Chi-square. Since ﬁ() asymptotically
vanishes under Hy, (2.3) shows that the null distribution of EK is approximately the one of 1?53 x and then,

neglecting the effect of the variance estimation, of
Rax = Q"W (W 10y ) 7 Whe e

where Q'/2 = Diag [0(X1),...,0(Xr)]. In the i.i.d. case and according to the Berry-Esseen bound in Hart
(1997, Theorem 7.2), the distribution of the vector

Z””f Xt Lkl <K

has a normal approximation up to a error a(cx)/T/? where a(ck) diverges with cx. Therefore, the dis-
tribution of the Chi-squared statistic R3x should be close to a Chi-square with cx degree of freedom up

to an error a(cg)/T/?, which is smaller for moderate K.* Hence the test uses a Chi-square critical value

X(CK o) — CKomi
]ID min min > —
< \% 2cKmm a ZOL) “

where x(c) is a Chi-square with ¢ degree of freedom and rejects Hy if®

v — . B ~
2t CKon > 2o where R” = Ry, . (2.6)

min

Zo = Zo, 7 With

2CK

4This continues to hold in the dependent setup where the bound (B.9) in Appendix B gives a more complicate error term,

which is K2¢/T1/2 at best. A normal approximation would be affected with a bigger K2¢/T1/2 4 K~%/2 error term.

5A second distinctive feature of the selection procedure (2.5) is standardization with cx in the critical region

min

{EV > CKpin T 2a/2CK, ;0 }’ see (2.6). Since K7 = Knin asymptotically, an alternative a-level critical region would use Civy
min- Dut such a choice would asymptotically reduce power since c, +2a+/2¢5, 2 CK i, T2ay/2CK,,;, - This also

contrasts with a maximum procedure which would use the test statistic (R, — cp)/\/2Ck. = maxgex (Rk — cx)/V2ex

in place of cx

with a cg, larger than c . . The simulation experiments of Guerre and Lavergne (2005) revealed that such a construction of

the critical region (2.6) gives a test which improves on its adaptive rate-optimal competitors.



Consider now the power issue. The data-driven choice (2.5) of K combines the detection properties of

each of the §K7S. Indeed, since cx > ck. for any K in Krp, we have

min

R —ck,, > Rg, —cg, = nax {EK —cx =1 (2(ck — CKmin))l/2} + 7 (2egr — cxtnn)
> ax {EK —crx =7 (2(ekx — CKmm))l/Q}
> Ri —cx — 1 (20ck — cxn)) '’ (2.7)
This gives the power lower bound
P (EW;CIC{K > za) > P (ﬁK —cx —yr (2(ex — cKmm))l/2 — Za/ 2K, 0) (2.8)

_ p(Bx x| zay/Ter +or (2ex — )
\/2CK - 2CK

which holds in particular for an optimal K which balances the bias with the penalty term. Taking K = Ky

P _ » _
ST R .

QCK

gives that

As
seen from (2.4) and (2.8), consistency holds as soon as there is a degree K in Kr such that the mis-
specification measure ZZ;I A2(X)I(X, € A)/52(X,) is asymptotically larger than the sum of |bias,, (K)|,

yrv/2(ck — ¢k,,,,) and z4v/2¢k,,.. Hence increasing too much 7 should give a less powerful test. The

form of the low penalty term in (2.5) is crucial to show adaptive rate-optimality, see Theorem 2. Theorem
—1/2

a power bound which shows that the test (2.6) improves on the one using the single statistic Ry

min *

3 shows that the test detects Pitman local alternatives with a rate arbitrarily close to the rate T’

3 Main results

3.1 Main assumptions

Consider T observations (Y, X;) with Y; = u(Xy) + &4, X = (Y, ..., Yig, Z7) € RY, and where p(-) can
depend upon T, in which case (Y3, X;) forms a triangular array (Yir, Xi7). Let X, and X; denote the
Borel field generated by Xi,e1,..., X, e and Xy, e, X¢41, 441, - . - respectively. The a-mixing coefficients
of { X, et}ien~ are

a(n) = sup sup [P(ANnB)-P(A)P(B)| ,neN.
teN* AcXx, BEX 140

The next assumptions deal with the e;’s, the mixing coefficients and the parametric mean.



Assumption E Let F; be the Borel field generated by (X1,€0),...,(Xt,et—1). The variables {et}ien are
martingale difference with Ele;|F] = 0, E[e?|F] = 02(X;—1) and sup,cy E[e}|F] < oo a.s.. The standard

deviation function, o(-) = Var[e;|X; = -], is continuous and bounded away from 0 on R%,

Assumption X The process { Xy, et }ten+ on RE x R is stationary, with
i. a(n) < An~17% for some constant A,a > 0.

ii. The variable X; has a density f(-) with respect to the Lebesgue measure on R, The density f(-) is

bounded away from 0 and infinity.

Assumption M The parameter set © is a subset of RP and

i. The regression function m(x;0) is twice continuously differentiable with respect to 6. The gradient

m®) (x;0) and Hessian matriz m® (x;0) are bounded over A x ©.

ii. For any sequence of regression functions ur(-) with Eu2.(X;) < oo, there ezists a sequence of parameter

O in © such that Tl/z(é\T —O7) = Op(1), with O = 0 if ur(-) = m(-;0) for some 0 in O.

Assumption E ensures that the sums Zthl VYr(Xy)er/o?(X,) are martingales which are asymptotically normal
under Assumption X-(i). The polynomial mixing rate of X-(i) is a minimal rate to achieve T'/2_consistency
in the weak Law of Large Numbers for the empirical mean 7-'W}- Q710 . Under Assumption X-(ii), the
limit of 7710} Q71U has an inverse. Mixing conditions for Markovian (V;, X;) as in Assumption X-(i)
can be derived using a drift condition, see Fan and Yao (2003, Theorem 2.4) and the references therein.
When 67 = argmingeg Zthl (Y; — m(X;0))%, the sequence 07 in Assumption M-(ii) is the pseudo-true
value arg mingee E (17 (X;) — m(Xp;0))?, which is uniquely defined under identification of the parametric
regression model, see Domowitz and White (1982). Assumption M-(i) then ensures that A(-) = pug(-) —
m(:; éT) is close to A(:) = pur(-) — m(-;07) over A up to an Op(T~'/2) term.

Let us now turn to the construction of the test. The first assumption specifies a set of admissible degrees

Kr in the spirit of the dyadic bandwidth set of Horowitz and Spokoiny (2001).

Assumption K Let a be as in Assumption X. Set Kpax = 27mex = O(Tcl/d) for some C7 in (0 3 lta ),

' 4 543a
Kpin = 27min — 00 with K¢. = O(lnc2 T) for Cy > 0, where Jnin < Jmax are integer numbers. The set of

min —

admissible degrees Kr is dyadic, that is

Kr={K =27, J=Juin Jmin + L., Jmax } - (3.1)



Note that (3.1) and the polynomial divergence rate of K. imply that Card/Cr is of exact order InT. Such
a restriction is helpful to show that K7 = Kin asymptotically under the null, but also have some practical
justifications. Indeed, achieving a small P (I? V£ Kmin> is an important condition to get an accurate size.
Since Ry — R, — (cx — cx,n) — 7 (2 (cx — ek, )" ? vanishes if and only if K = Ky, (2.5) yields that

K # Kpin if and only if one of these penalized statistics is strictly positive for a K # K, or equivalently

Ry — Rig — (e = CKiy)

max > 7.
KeKr\{Kumin}  (2(cx — k., ))?
Hence ~ N
]P) ([?'Y # Kmin) — ]P) max RK — RKmin — (CK _lc2l<tnin) 2 ’YT , (32)
Kekr\(Kon) (2 (cx — )"/

so that P (IA( v £ Kmin> increases with /O and decreases with the penalty sequence 7. Therefore, using a
parsimonious /Cr can improve the size accuracy of the test. On the other hand, a dyadic Kr as in Assumption

K contains sequences with any arbitrary order between In“? T and T°* which is sufficient for adaptive rate-

3 1+4a
4 54+3a

X-(i), a(n) = O(n='=%). This gives a Kyax of order T'/(44) at best, while, in the i.i.d. set-up, Hong and

optimality. The constant C; of Assumption K must be smaller than where a comes from Assumption
White (1995) allowed for a better order T"/(3% when using a single series statistic to base the test.
Let us now turn to variance estimation. The next condition allows to approximate T*I\Il’Kﬁ’lkll K with

T Q71 g for degrees K depending on the sample size T, as in Assumption K.

Assumption V Let K.y = 2/ = max{K; K € Kr}. Then, for the considered sequence of regression
models Yy = pr(Xi)+er, supyea [6(2)—o(z)| = Op(vr) and, for some integer £ > d/2 and all (¢4, ..., {q) with
b+ 4Ll =1{, sup,cp 05 (x) = Op(vr), where vy = o ( ,;g’ffﬂ/ln T) and iminfr_ . TY2vr > 0.

0% xy...0%xy

Assumption V requires consistency of o(-) under the null and the alternative. Convergence of 7 (-) with
the rate vp requires that ur(-) and o(-) satisfies a minimal smoothness condition. As seen from Guerre
and Lavergne (2002), consistency is not necessary under the alternative but can be useful to get a powerful
test. Under homoskedasticity, a simple choice of (-) is a constant difference-based estimator, in which
case Assumption V holds with a best possible vy = T2 g0 that Kpax = 0 (Tl/(?’d) In?/ (9 T). The
heteroskedastic case requires nonparametric variance estimation, as kernel, sieves, series expansion, see,
among others, Guerre and Lavergne (2002, 2005) and Horowitz and Spokoiny (2001). The rate vy is then

the consistency rate for the ¢-th partial derivatives, which restricts the divergence rate of K ax.

3.2 Asymptotic behavior under the null

As discussed following (3.2) and (2.8), a fast divergence rate for yr is useful to achieve an accurate size under

the null but may negatively affect its power properties. Therefore, an important issue is to find a minimal



divergence rate for vy ensuring that the test is asymptotically of level «, or equivalently that IP(IA( 7 % Kmin)

asymptotically vanishes under Hy. The Bonferroni inequality gives, in (3.2),

= Rx — Ry — — k.
P(K7 7& Kmin) S Z P < K Kmin (CK 1/c2Kmm) > ’YT> , (33)
KeKr\{ Kmin} (2(cx — CKmin))

and showing that the last sum asymptotically vanishes for small y7 necessitates precise uniform bounds for
these probabilities, so that simple Chebychev-type inequalities may not be sufficient. Better Gaussian-type
bounds in spirit of the Mill’s ratio inequality P(N(0,1) > v) < exp(—v?/2)/(v/277) are derived in Lemma
A.3 of Appendix A. Since the exact order of Card/Cr is InT', the next theorem ensures that the asymptotic

size of the test is « provided that the penalty sequence v diverges faster than (Inln T)l/ 2,

Theorem 1 Consider that the null hypothesis Hy is true and assume that Assumptions E, K, M, V and X
hold. Then, if yp diverges with

yr > (1 + €)v/2InCardKr, for some e > 0, (3.4)
limr oo P (IA(V = Kmin> =1 and the test (2.6) is asymptotically of level c.

1/2

The minimal divergence rate (InlnT)'/# ensuring that the test is asymptotically of level « is surprisingly

low compared to the penalty term of order In7T used in the BIC criterion. Such improvement comes from

b

the Gaussian-type bounds used for the tails of the standardized EK — I:BK s. Indeed, this gives, up to

remainder terms, a bound CardKr exp(—v2./2)/(v/2myr) in (3.3), which asymptotically vanishes provided
that (3.4) holds. On the other hand, such a low rate is in line with previous findings for rate-optimal adaptive
testing. Indeed, (3.2) shows that suitable y7 should resemble to the critical values of a maximum tests as

Fan (1996), who found critical values with a typical rate of (2InlnT)'/?

. This suggests that our minimal
rate condition (3.4) cannot be improved.

Another condition for Theorem 1 to hold is that K., diverges with the sample size, see Assumption
K. This is used to neglect the parametric estimation error T/ 2(§T — 0) in the Chi-square approximation of
the distribution of ﬁK

(1997, Section 8.3.1).

. Accounting for such an effect would allow to consider a fixed Ki,, see e.g. Hart

min

3.3 Detection of small alternatives

As discussed following Equation (2.8), the detection properties of the test depend upon a bias term from
(2.4). Establishing formal adaptive rate-optimality of the test necessitates to bound this bias. The current
mathematical approach to do so makes use of some smoothness restrictions. We consider here Hélder

smoothness classes C(L, s) that we introduce now. Define the departure from the null as,

Apr() = p() —m(;6r),



with a 7 as in Assumption M. We restrict to departures A(-) with a restriction to A which admits a
(2A)-periodic extension. Consider first the case s € (0, 1], for which
C(L,s) = {A() : sup M < L} .
saeh o=l
For real s > 0, let |s| be the lower integer part of s, that is the unique integer number satisfying |s| < s <
|s] +1, so that s — |s| is in (0,1] with s — |s] = s for s € (0,1]. For any s > 0, the smoothness class C(L, s)

is defined as

C(L,s) = {A(:) : the |s|th partial derivatives of A(:) are in C(L,s — |s]) } .
Hence the smoothness class C(L, s) is defined for all s > 0 and L > 0. Lemma 1 in the Proof Section gives,
for the bias term of (2.4), the following bound

A, (X)X € A
o(Xt)

|bias,, (K)| < Op

)

) 2
) +TK™%

T1/2K78E1/2 <

for any A, r(-) in C(L, s) and any K. This gives, for small alternatives which are the harder to detect,

A, r(X)IX, € )\ .,
L ) —O0(K) . (3.5)

Our minimax adaptive framework evaluates tests uniformly over alternatives at distance p from the null,

that is in

|bias,, (K)| < Op (TK~>*) provided E!/2 <

Hi(piL.s) = {u(~) = m00) + 8,070 () € C(Lus) B (SEICULLER ) ,,2} ,

o(Xt)
with unknown smoothness index (L, s). Such alternatives allow for a general shape of A, r(-) with narrow
peaks and valleys that may depend upon on T, see Horowitz and Spokoiny (2001). As pointed out in Guerre

and Lavergne (2005), uniform consistency over Hy(pr; L, s) is equivalent to consistency against any sequence
pr(-) =m(50r) + Ar() , where Ar(-) = Ay, r(o),

in Hy(pr; L, s) as considered here. A crucial issue is the choice of a suitable asymptotically vanishing rate pr.
Indeed, some of the alternatives of Hi(pr; L, s) will not be detected by any tests if pr goes to 0 with a too
fast rate. On the other hand, detection can become straightforward if H (pr; L, s) remains far from the null.
Hence a good candidate pr to evaluate a test is a frontier rate which separates these two extreme situations.
In the adaptive approach, such a rate depends upon the unknown smoothness index s and Spokoiny (1996)

has shown that the optimal adaptive rate is®

_2s
vVinlnT ot
pr=pr(s) = | —F— ;

6Spokoiny (1996) studied the continuous time white noise model (CTWN) Y,,(t) = m(t)dt + %dW(t), t € [0,1], where

{W(t)}te[o,l] is a standard Brownian motion. Although this model is mainly of theoretical interest, results established for the

CTWN model extend to more common models through model equivalence, see Brown and Low (1996).
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which is slower than the parametric rate 7-1/2

. Guerre and Lavergne (2002) derived an optimal rate for a
known smoothness index s which improves pr from the (Inln T)l/ 2 factor, so that the price to pay for rate
adaptation is moderate. As well-known, the rate pp decreases faster than the nonparametric estimation rate

T—5/(25+d)  The adaptive rate-optimality of our test is stated in the next result.
Theorem 2 Consider a sequence of alternatives
ur(-) =m(;0r) + Ar() in Hi(Cs.pr; L, s) for some unknown s and L,

with s > d(2/C1—1)/4, L > 0, C5 > 0 and sup,c |Ar(z)| = O [El/Q (AZ(X)I(Xy € A)/o?(Xy))]. Assume
that Assumptions E, K, M, V hold. Then, if yr is of ezact order (InInT)Y? and provided Cs is taken large
enough, the test is consistent, that is limp_, oo P ((ﬁ"* — CKoin )/ V2K za) =1.

The proof of Theorem 2 builds on the lower power bound (2.8) and on the bias variance decomposition (2.4).
In view of the bias order (3.5) for small alternatives, an optimal choice of K in (2.8) is such that the order

of the penalty term vpK%/? is proportional to TK 2%, that is for

{ 2 lﬂ(T/’YT)} T %er
K, =K,(s)=2l1Fd T2z "] po , (3.6)

where [-] is the integer part. Such K, detects alternatives within the bias order divided by the sample size,
K. * « (yr/ T)2s/ (4s+d) which coincides with the optimal adaptive order py provided ¢ has the smallest

/2 compatible with Theorem 1. Note that, under Assumption K, K, is in Cr provided

possible order (InlnT)"
s >d(2/Cy — 1)/4, which implies that s > 7d/4.

Because adaptation means detection over various smoothness classes C(L, s), it is crucial that the test
combines various several statistics, as seen from the optimal K, in (3.6), which depends on the smoothing
index s. Therefore, tests that use a single statistic EK generally fail to be rate-optimal adaptive. A more

specific property of the test (2.6) is detection of small local alternatives.
Theorem 3 Consider a sequence of local alternatives pur(-) satisfying

pr(Xe) = m(Xy; 0r) + roDor(Xy) with Aor(+) in C(L, s) for some unknown s, L > 0,
$>d(2/Cy —1), and

sup [Agr(z)| = O (1) .
zEA

Aor(X)I(X; € A)\?
" ( U(Xt) > =h

min

Then, under Assumptions E, K, M, V and X, the test is consistent provided 1/rp = o (\/T/Kd/2>.

Since K, can diverge very slowly, the rate rp can be arbitrarily close to the parametric detection rate

1/T'/2. This slightly improves on Horowitz and Spokoiny (2001) who achieved a rate (InlnT)'/2/T/2. A

11



key argument there is that the local alternatives of Theorem 3 are asymptotically very smooth, since the
departure from the null r7Agr () are in C(Lry, s), with a Lipschitz constant Lry which goes to 0. Hence
these alternatives differ from the general ones in Theorem 2, and are typically detected by trigonometric
series with low degree as Kpin, so that (2.9) yields consistency of the test. On the other hand, using the

single statistic Ry would give a test that is not consistent against the alternatives of Theorem 2, so

min

that combining several statistics as in our procedure is crucial to achieve these opposite kinds of detection

properties.

4 Simulation experiments

In this section we study the size and the power properties of the proposed procedure when testing for a
null of linearity in the context of a Markov process of order 1. The resulting test is compared with the one

developed by Hamilton (2001) to detect nonlinearity. First, to examine the size properties, we use the AR(1)
Yi=pYi1 + €.

Three distributions are considered for the error term: standard normal, standardized student with five
degrees of freedom, and a centered and standardized exponential. To examine the sensitivity of the tests to
temporal dependence, we consider various values of the autoregressive parameter p, namely p = 0, .25, .50, .75.
To implement our test, we choose the interval (A in Section 2) for projecting the covariate Y;_; onto the
trigonometric expansion to be equal to 2 times the standard error of Y; under the null. This corresponds
to approximately 95 % of the observations. The set Kr is equal to {1,2,4,8,16}. The asymptotic critical
value is given by v/2 * x.05(1) + 1, where x.05(1) is the critical value at 5 % of a Chi-square with one degree
of freedom. We study the small sample properties of the test for various values of the penalty parameter
~vr. We fix 47 equal to cy/21In CardKr where we set ¢ = 2, 3,5. The parameters are estimated by OLS. The
sample size is set to 200 and the number of simulations is equal to 10,000.

The simulations results for the size are encouraging. For ¢ = 2 the test slightly overrejects in all cases.
However, for ¢ = 3,5, the size is accurate whatever the distribution, persistence and number of observations

considered. The LM test developed by Hamilton (2001) shares these good size properties.
(Insert Table 1 around here)

To study the effect on power of the penalty sequence v, two alternative specifications of the linear

autoregressive process are examined. The first specification is a threshold autoregressive model defined as:

Yi=p1Yi1 Ly, 50y +02Yio1 Ly, <o) t e

12



where ¢; is i.i.d. N(0,1).” This representation contains two regimes delimited by a threshold equal to zero.
When Y;_; is greater than zero, the dynamic dependence is controlled by the parameter p;. In the case
where it is inferior to zero, the dynamic depends on the parameter ps. Under the null of linearity p; = po.
The distance from the null is a function of the absolute value of the difference between p; and ps. To see

this, we can rewrite the threshold autoregressive model as follows:
Yi=p1Yi-1+ (p2 — p1)Yeo1 Ly, <oy + &
Thus, under the null, u(X;) = p1Y;—1 while the nonlinear alternative is
w(X:) = p1Yim1 + Y1 1(Yi—1 < 0), where 6 = ps — py.

To examine the sensitivity of the tests to temporal dependence, we consider various types of dependence
for the process Y;. We run the following experiments: (1) p; = 0 and py = .25,.50,.75, (2) p1 = .25 and
p2 = .50,.75,—.50, (3) p1 = .50 and ps = .25,0,—.25 and (4) p1 = .75 and ps = .50,.25,0. The values of
p2 under the alternative are chosen such that the parameter (§) which governs the distance from the null
is equal to .25,.50 and .75, respectively. Table 2 reports the power results. Our test is more powerful than
Hamilton’s for all cases. Our power gains increase with the degree of temporal dependence and the distance

of the alternative from the null. The difference in the rejection rate can be as high as 38%.
(Insert Table 2 around here)

The second experiment corresponds to an alternative for which the data-driven optimal test is specially

designed. The alternative models have the following form:
Yi= Yt + L f(Yiei/m) 4 e (4.7)

where f(y/7) = (1/v2m02) x exp (— 52 (y/7)?), 0> = 1/(1 — p?) and ¢, is i.i.d. N(0,1). Figure 1 shows
the function f(-) for 7 = 1, .5 and .25, p = .5 and values of Y; between —10 and 10. The function f(-) is
symmetric around zero and more concentrated for smaller values of 7. The function is bounded between
zero and one, with f(0) =1 and lim,_ 4+ f(x) = 0. We can easily show that the alternative (4.7) respects
the drift condition of Fan and Yao (2003, Theorem 2.4) for geometric ergodicity. This alternative is then

compatible with the assumptions assumed in this paper.
(Insert Table 3 around here)

We examine the sensitivity of the tests to the narrowness of the peak and temporal dependence. We

consider the parameter values 7 = 25,.5,.75 and p = .25,.5,.75. Table 3 shows the results of the experiment.

"Results for the normal distribution are only reported here because the results for the two other distributions are very

similar. Of course, those results can be obtained upon request.
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For 7 = 1, Hamilton’s test is close to the nominal size. For 200 observations, our test rejects at a rate
of 16 % for p = .25 and 56 % for p = .75. For 7 = .5, our test also clearly dominates the test proposed
by Hamilton for all cases. For a narrow peak (7 = .25), the rejection rate of both tests is quite similar.
The better performance of the Hamilton test for this alternative, compared to the one with a wider peak is
probably due to the specification of the variance-covariance function of the random field underlying the test

statistic, see Hamilton (2001) for further details on the construction of this test.

5 Concluding remarks

This paper proposes a new adaptive rate-optimal specification test for time series. As in the maximum
approach of Fan (1996) or Horowitz and Spokoiny (2001), the test combines several statistics to achieve
adaptive rate-optimality. More specifically, the test builds on series regression Chi-square statistics with
increasing orders. A data-driven selection procedure, in the spirit of Guerre and Lavergne (2005), uses a
penalty term proportional to the square-root of the number of Fourier coefficients to choose the test statistic.
Under the null, the retained statistic is, with high probability, a statistic with a distribution close to a Chi-
square. Therefore, standard Chi-square critical values can be used, allowing for a better control of the size of
the test. This contrasts with the maximum approach, where using a null limit distribution performs poorly as
noted in Fan (1996), or is out of reach, as in Horowitz and Spokoiny (2001). Hence, the maximum approach
necessitates the use of simulated critical values, limiting the scope of applications to time series models than
can be easily simulated. A simulation experiment confirms the good level properties of the proposed test,
which shows interesting power improvements compared to a simpler test using a single statistic as Hamilton
(2001). We also examine the power of the test which is adaptive rate-optimal and detects local alternatives
approaching the null at a faster rate than Horowitz and Spokoiny (2001). The simulation experiment shows
that the choice of the penalty term has a moderate impact on the power. This positively illustrates the
interest of our approach, which builds on the fact that the combination mechanism inherent to adaptive
testing can also be designed to achieve a level close to the nominal size.

While our results are stated for Fourier series methods, our approach applies as well to wavelets or
polynomial series regression. As noted in Guerre and Lavergne (2005), the series construction of the test
statistic can be easily modified to cope with additive alternatives which are not affected by the curse of
dimensionality. Obtaining an accurate size in case of kernel or local polynomial methods is theoretically
feasible. The scope of applications of the new data-driven selection procedure can also be extended as
discussed in Hart (1997) for earlier adaptive procedures or as in Tjgstheim (1994) and Fan and Yao (2003)

in the time series context, as well as to many other specification hypotheses of econometric interest.
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6 Proofs of main results

The proofs are organized as follows. Important intermediate results and proofs of the main statements are given in
Section 6. Proofs of auxiliary results are gathered in Appendices A and B. We now introduce some notations and
conventions. All functions can be set to 0 outside A without loss of generality. We set Zt_:lo = ZtT:T 41 = 0. The
symbol ar =< br means that the two sequences ar, br with same sign are such that clar| < |br| < Clar| for some
0<c<C<ooandT > 1. Constants are denoted by the generic letter C' and vary from line to line.

For notation convenience, we re-index the trigonometric functions (2.1) as {tx(-) }ren+ and set cx = k. We assume
that the new ordering is such that Ux = [¢1,...,%x], and uses the notation ¥, for Ux. Here 95, k € N*, is a
column vector with ¥, = [Yr(X1),...,vs(X7)] € RT. Therefore ¥, is a T X k matrix and x < K With little
abuse of notation, I denotes both the set of admissible K or k with x between Kmin < 27mind gnq Kmax < 9 maxd
K" corresponds to K7. The variance estimation rate in Assumption V is such that vp = o(n;g,/f/ InT).

Let || - || be the Euclidean norm of R” or R*, that is if u = [u1,...,u.]) € R, |ju| = (Xr_; ui)l/2 = (u'u)'/?.
If m = [m(X1),...,m(Xr)] where m(-) maps R? to R, ||[m|| < T"/?sup,cpa [m(z)|. Under Assumption E, ||e|| =
Op(T'/?). For a k x & matrix ¥ = [Sxe]1<ke<n, [|Z] is the spectral radius || S| = sup,_oere [|Sull/|[ul|. Recall that
12wl < 12N ull, [uiSuz| < |2|||Jui]ljuz]]. It follows that the entries of Su are bounded by &'/2||S| maxi<p<yx |ux|.
If ¥ is a symmetric matrix, ||X[| = supj, = |u’'Su| is the largest eigenvalue in absolute value of X. Since
671/2\11,€ (\11;671\1/,@) - \Iffﬁﬁflm is the orthogonal projection on the space spanned by the columns of ﬁfl/zlllm we
have
WO, (\p;fz*lxpn)fl U0

N 2
< HQfl/QuH and <1.

a2y, (q/;frlnp,ﬁ)*l 02

In what follows, we bound variance of sums using the Wolkonski-Rozanov inequality (see Fan and Yao (2003),

Proposition 2.5-ii) which states that

|Cov (91(X+), g2(Xe—n))| < 4a(n) sup |g1(z)| sup |g2(z)|

zeRd zeRd
for any real-valued bounded g1 (-) and g2(-). This gives
1 & 1 T-n 8 =
Var (T ng)) - <Var<g<X1>> 230 Tcmg(xl»g(xnl))) < 3 sw lg@F Yatm) . (61)
t=1 n=1 z€R n=0

6.1 Estimation errors

We consider first the parametric and variance estimation errors, induced by 61 — 67 and o(-) — o(+) respectively. For

Ar(-) = pr() — m(x;07), set U = Ar + ¢, and let Q'/2 be the T' x T diagonal matrix with entries o(X;). Set

i (X)he(X)

5 & [ UL _ [ () S X% L 62

:|1<k,£<n

where

T
Ye(X)e(X) _ 1 Vi (Xt ) e (Xy) S o 8-1 S a1 s\ oot
e® =T ;:1 ) o that TS = O, and R, = U'Q10, (TEK) O,

52( 5
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Proposition 1 Consider a departure from the null such that sup,c, |Ar(z)| = O [E1/2 (AT(Xt)/O'(Xt))2:|. Under
Assumptions E, M, V, X and if Kmin — 00, Kmax = O(Tl/3/ln2 T), we have

~ ~ ~ —1 —~ —~ ~ —1 ~
R — Q7 N, (T8,) 7 W07 e — 200710, (Tzﬂ) U0 e - ArQ1D, (sz) U0 AL

max
KEXT rl/2

- o (e ()

min

Proof of Proposition 1: see Appendix A.

6.2 Proof of Theorem 1

The next Proposition is the key tool to establish Theorem 1.

Proposition 2 Assume that Ho holds, that is Ar(-) = 0. Then under Assumptions E, K, M, V and X,

i. Let x(k) be a Chi-square variable with k degree of freedom. Then, for any k = k1 in Kr,

. (E’Q*\Ifﬁ (T2,) W7 le—k Z) _p (m > Z) ‘ —o(1)

sup
ZER V2K V2K
and N
Rra in — Fmin X(K/min) — Kmin >
sup|P| —2——>2| —-P|>—=—F——>2])|=0(1).
zelﬂg < V 2/€min - > ( V 2Nmin o ( )

ii. Assume that (3.4) holds, i.e. that for some € >0, yr > (14 €)v/2InCardKr. Then

P max B = Rrpyiy = (£ = Fomin) >r | =0(1).
RERT\{Fmin} 2 (ﬁ - K/min)

Proof of Proposition 2: see Appendix A.

Proof of Theorem 1. (3.2) and Proposition 2-ii yield

P (E’Y ;é }’%&min) <P (k\'y 7& Hmin) —p < R, — Rmmin - (N — /imin) > ’)’T) _ 0(1) )

max
KEKXT\{Kmin } 2 (K — Kmin)

Then the definition of z, in (2.6) and Proposition 2-i yield

E’Y — Rmin Em in — Fmin X (K/min) — Kmin )
Pl —2 >, | =P “fwmin__ 2 > | +o()=P (2222 20 > 20 ] +0o(1 o .0
<m . ) ( ) = =50 Tt
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6.3 Proof of Theorems 2 and 3

The next Lemma is crucial for the consistency properties of the test and is used for the item Rifx in (2.3).

Lemma 1 Consider a departure from the null such that sup,c, |Ar(z)] = O []El/2 (AT(Xt)/U(Xt))Q]. Assume
Assumptions E, V, X hold and that k = kT diverges with k = O(Tl/‘q’/ln2 T).
Then there ezists a constant Cs > 0, depending upon s, L and A, such that for any k € Kz, any A(:) from A to R

in C(L,s), we have

5-1 a-1 1o a1 12 2 |1z (Ar(X)\? d
{A’TQ’ v, (\I/;Q’ xpﬁ) O AT} > 72 |gY ( ) — Ok (14 02(1)) (6.3)
O'(Xt)
~ ~ -1 Ar(X)\® _
AT, (WO, ) WO e =TV 20, BV 22N s/l 4
T ( K ) K 3 O]P’ O'(Xt) + K (6 )

Proof of Lemma 1: see Appendix A.

Proof of Theorem 2. Let s < d(2/Cy — 1) and L be some unknown smoothness indexes. Let K. be as in (3.6), so
that K. corresponds to a k. in the new indexation. Observe that this k. is such that

2s

4s
The © < Tpy = (\/1n In T) L ata < ypkl/? < yry/2(ke — Kon) (6.5)

Y2InT, s > 0 and Kmin is smaller than a power of In7.

since the exact order of yr is In
Consider now a sequence of alternatives ur(-) in Hi(Cs.pr) with Cspr > 2Csk; */*, where Cs is from Lemma 1.
This gives that EY/2 (A7 (X:)/o(X0))? — Csrx /¢ > LEY2 (Ar(Xy) /o (X4))? and that TE (Ar(X¢)/o(X:))? diverges.

Hence Lemma 1 gives

et PP L 1 Ar(X)I(X, € A)?
we (W . . > (7 Srfut =)
A (\1/ o 'w ) v O 'Ar (4+o]p(1))T]E( 206
~ ~ -1 ~ 2
AR, (W07 )T WL = 0p TR (—AT(Xf)H(XtGA)>
o(Xt)

~ . —1 .
0r(NATQ W, (W, 0710 ) L 0 A
Observe also that Proposition 2-(i) shows that

~ . -1
Q1,, (\I!;*Q_lkllm) . Q'e—kr = Op (51/2) =op(1) (’YT\/Q(K:* - szin))

~ ~ —1 —~
op(1)ARO 0, (\1/;*9*1\1/”*) v, O Ar

Hence, (6.5), applying Proposition 1 for K7 = {k+} (so that Kmax = Kmin = £7) and substituting yield
ﬁm* — R« — YTV 2 (KJT - K/min) — ZaV 2ﬁmin
~ ~ —1 ~
[A’TQ*WM (\11;*9—1\1/&*) O Ar — 4 /2 (kr — Hmin)} (14 op(1))

1 ([ Ar(X)I(X; € A)? 5
() o

2

(1+0p(1)) > Tpr (% - c) (1+0p(1)) = 400

v

T
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provided Cj is large enough. The lower power bound (2.8) then shows that Theorem 2 is proven. m]

Proof of Theorem 3. Since the proof of Theorem 3 is similar to the proof of Theorem 2 up to the fact that

detection is achieved through Kmin, we just give the main steps. (2.7) yields that ﬁ” — Kmin > ﬁ — Kmin, SO that

Kmin

it is sufficient to show that Enmm — Kmin — V/2Kmin diverges to +oo in probability. Building on Propositions 1, 2-(i)

and Lemma 1 as for Theorem 2 now gives, since kmin < K2, — 00,

~ ~ ~ -1 ~
R"“min — Kmin — V QHmin 2 T%A,OTgil\IIKT (\II;Tgil\IIF”T> \I/;TgilAOT (1 + O]P(l)) - O]P (Hrln/li)

Aor(X)I(X, € A)? .
> Try |E < oz ;2; )t < )) — Gl (14 0p(1)) — Op (n}r{ii) =Tr} — Op (Kff‘{i) 5 foo
t
provided Tr2 diverges with limp .o K%2/(Tr2%) = 0 as assumed in Theorem 3. O

Appendix A: Proofs of Propositions 1, 2 and Lemma 1

A.1 Preliminary lemmas

We begin with the estimation errors f]k — Xk, see (6.2), and preliminary bounds. Define

~ 1 (X)W (X)) & P (Xe)e(Xe)
—] .= |E <02(Xi)> , (A1)

Tr() = Ur() = Wy ()5, B | H0 s

Fomin <k, <K

which are used to study the difference R.-R in the proof of Proposition 2-ii. The next lemmas hold for

Kmin

general orthonormal systems {t(-)}xen+ of L?(A,dx) with sup, ey« Sup,ea [¥k(z)| < co. Recall that vy is such that

SUp,ey [0(2) — o(z)| = Op(vr) with vy = 0(:‘%;242/ InT), see Assumption V.

Lemma A.1 Let X, S, be as in (6.2), and {Jk(')}k>nmin: Y. as in (A.1). Then, under Assumptions E, V and X,

1/2

i. Sup, ¢y« Max (HZ,:lH7 HEKH) < 00, SUPgs . SUDLep [r(x)| < Ckpl, and sup, ¢y« max (HZ,?H, ||E,i||) < 00.

1. If Kmax = 0 (T1/2), the matrices in, 1 < K < Kmax, have an tnverse with a probability tending to 1 and

2 1/2
( r;—’ax) + K/mava:| = O]P’(l) .

i, If Ko = 0 (T/2), maks < max (ISl 1S51) = Oe(D).

max max [[Se = S, 155" - 5] = 0e

KEXT

Lemma A.2 Let mr(-) and pr(-) from R? to R be some functions with support A. Then, under Assumptions E, V,
X and if CardKr = O(InT), Kmax = o(T"/3/ /3 T)

~ . -1 ~ ~
max pr QN (\IJLQ_1\IJN> U QO 'mr| < HQ_I/QMTH HQ_1/2mTH , (A.2)
rEKT
H\IJL@’% ‘
max 1——— 1 = Card"/?K70¢ (1) , (A.3)

KEKXT vVTk
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~ ~ 1 —~
S0, (\D;Q*I\pﬂ) WO e — QN (T8,) P L0 e

max

KEXT Kl/2
K3 1/2
= CardKrOp ( r%ax) +H?T(5XUT:| =op(1), (A.4)
o~ ~ —1 ~
mhyQ- 1w, (xpgﬂflxpn) U0 e
s o o172
T'/? 172 [ mr(Xe) 2
= Op |EV? [ 2220 inf - . A5
7zt ( o(Xr) ) tooE  supfme(e) —w(2)] +vrsup fme (@) (A.5)

The functions mr(-) and ur(-) may depend upon (X1,e1),...,(Xr,er) in (A.2) but not in (A.5).

Proof of Lemmas A.1 and A.2: see Appendix B.

The next lemma is used for Proposition 2. It is stated for general maps ¢(-) from R? to R, k > 1. Consider the

row vector @, (X¢) = [p1(Xt),. .., ¢x(X:)] and the k x T matrix @, = [©,(X1) ..., P+ (X7)’]". Define

We assume

Assumption B The matrices V.. have an inverse with sup, oy« ||V *|| < oo and the functions @i (-) are such that

max (SUP; << SUPzepa |91 ()], 1) = oo < 0.

Define
Or = Qur = T7'SpSr—k _ TS| — & .
’ V2K V2K

T
— P, (Xt) €t
St = Sur =V, 1/ 5
T ; o(X1) o(Xr)
We now study the tail probability of Q.

3 1+4a
Lemma A.3 Let Qr = Qxr be as above. Then, under Assumptions E, X-i, B, and k = kp = O(Ti 5+3a ),

i. Let x(k) be a Chi-square variable with k degree of freedom. Then

]P)(QTZW)—P<X(L\/$ZV)’:0-

1. Consider € > 0. Then there exists a constant Ce, which does not depend upon k and -y, such that for any v > €

lim sup
T—0o0 yeR

and K,

1 (’7—6)2) |:6 2 H— 3 1ta 1
P >9) < —————exp |~ ) + Cc |pook T 2513 + —
@r=2= 509 Xp( 2 oot Jr

Proof of Lemma A.3: see Appendix B.
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A.2 Proof of Propositions 1 and 2

Proof of Proposition 1. For brevity of notations, the proof is made for p = dimf = 1. Define
e(8) = [e1(8), ..., er(0)] where e; = m(Xy;07) — m(Xs;0r) so that U = U + e(6) .

This gives

D 1a—1 s\ oot . 1a—1 s\ toraot

R. = UQ 0, (Tzﬁ) W.0'U + 24, + B, with A, = U'Q"'0, (TZN) .0 e(0)

~ ~N-1 -
and B, = e(0) Q"0 (TZN) W0 e(0).

Under Assumption M, max;<i<r |e:(0)] = Op(T~'/?) which gives ||e(8)|| = Op(1) and max.cx,. |Bx| = Op(1), so

—1/2

that maxi<x<ppa £ 2| Be| = Op(k;/?). Consider now A,. Under Assumption M, the Taylor formula gives

~ ~

so that e(f) = (9T - 9T) mi + ! (9T - 9T)2 ma

om(X;07) 1/~ 2 0°m(Xy; 0;7)
T3 ( ) 2

ei(0) = (6‘T - 6'T) 20 Or — 07 920

with a ;7 between 61 and §T and where m; and ms are RT columns vector with bounded entries given by the first

and second-order derivatives. Since U = Ar + ¢, this gives
_ 1 . — IimO-1 s\ lora-1
Av = Aue+ As+ 5 Ase with Av = /()70 (TZH> O A,
~ ~ ~N-l A ~ 2 . SN
Aoy = (eT - eT) m, Q1w (Tzﬂ) U0 e, Ay = (eT - eT) mhQ 0, (sz) U0,
The Cauchy-Schwarz inequality gives |Ai.| < |le(8)]|||Ar|| with ||e(8)]] = Op(1), so that

|Ae| IAr]) _ T2 e (Ar(Xe))
s ar =0 e | = e\ oy ) )

min min

since ||Ar||? = Op(T)E(Ar(X:)/0(X:))? by the Markov inequality and Assumption E. Since T1/2(§T —0r) = Op(1)
and under Assumption M, applying (A.5) for As. and the Cauchy-Schwarz inequality for As,. give

| Az | —1/2
max L = 0r (mi7)
As 1 —1/2
max 2~ o, (T 73 ) Imalllell = Oe (it -
Substituting in the expression of A, and R. give
~ ~ ~N-1l o~
R.-UQ7'w, (TS.) \IJ;Q*U‘ )
1 12172 [ Ar(Xt)
But
1a—1 s\ toroot 1a-1 s\ 'oa-1
Uotw, (sz) vOlU = J07'w, (sz) U0 e
A BN P . PN P
200, (TEK) U0 e+ ARO T, (Tzﬁ) U0 Ar
so that substituting (A.4) in the equation above and (A.6) give the desired result. O
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Proof of Proposition 2. Define
R% —k
V2k

R ='Q ', (T2,) ' 0. Q e and Q2 = Qbr =

Under the null, Proposition 1 yields

~

R, — Kk

V256

Hence Proposition 2-(i) follows from taking k = Kmin in Lemma A.3-(i) and (A.7). Consider now Proposition 2-(ii).

Let € be as in (3.4), so that yp > v/21In CardKCr + € for T large enough. Therefore (A.7) yields that Proposition 2-(ii)

’Rn - Rg
max
KEKXT Kk1/2

= op(1) or, equivalently, max —Qu| = op(1) . (A7)
Kk T

is a consequence of

Rg_Rg in — RAmin
min = (K~ Rnin) ey +e> =o(1). (A.8)

P max
KRELT\{Fmin} 2(/43 — Kmin

To prove (A.8), we first rewrite R2 — Rﬂmm as suitable quadratic form. For k,x > Kmin, let 1;;@() and X, be as in

(A.1), and consider the rows vectors \Tlﬁmin (Xy) = [Jﬂmmﬂ(Xt), ... ,JN(Xt)],
\T/H(Xt) = [\I]Nmin (Xt)a El:,,,i,,(Xt)] = \I/H(Xt)ﬁm so that \T]K =V,

for some regular k X k matrix 8,. Elementary algebra gives

~ oo ~ ~ >0 |~
R =T17'%q 'y, min 7 U.Q 'eand RY =T '<'Q7'W, min U0 te.
0 >t 0 0
Hence
~ oo - e ,
RL-RY = TQN, -, | Wete=T ey B e, | 0
0 o

= m@n + K — Kmin -

We now verify that the quadratic form Q. obeys the conditions of Lemma A.3. Lemma A.1-(i) yields that sup,, SUpP,, crd b (z)| <
CrY? . so that Assumption B holds taking ¢o = O(Kl/g) = O(lmCQ"l/2 T). Recall that kK — Kmin < 27d _ 9Jmind by

the definition (3.1) of Kr. Hence Lemma A.3-(ii) yields, for (A.8),
P ( max @N > +/2In CardCr + e) < Z P (@n > +/2In CardCr + e)
RERT\{ Fimin} e ST

exp (— In CardKr)
2m+/21In CardKCr

< CardKCr + C@go Z (K/ - K/min)QT_%Sliigaa +C Z (K/ - K/min)_l/2

REKT\{Kmin} KRERT\{Kmin}

+oo
= 0(1) + C@% CardKrhma T~ ¥ 5785 4 C2~Wmin/2 3™ 97342 _ o(1) 0

j=1
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A.3 Proof of Lemma 1

In this proof, we apply lemmas A.1 and A.2 for Kr = {k}, which is such that K = Kmin = Kmax = o(TY3 /102 T).
The Jackson Theorem (see Timan (1994), eq. (8) p. 278) yields that there is a trigonometric polynomial function
I(-) = A, (-) with degree =< x*/? such that

x) = Zﬂkwk (z)I(x € A) such that sup |Ar(z) —II(z)| < Ckx™/?. (A.9)

TEA

Since @ (+) is bounded away from 0 over A in probability, (A.9) implies that

= Op (nfs/d> .

Note that ’m’ﬁfl\ll,@ (\I/;Qflllf,@) \I/;ﬁflm‘ < HmH < T1/2 SUD, ca |m(:c)| Let TI — [H(Xl)wn,H(XT)}/, which
is such that H’ﬁ_l\lln (\I/;ﬁ—lxpn) \I/;@_ll'[ — 'O = Hﬁ—l/zn

Ar(Xy) — II(Xy)
o (Xe)

max
1<t<T

‘ since Q21 is in the space spanned by the
columns of Q~'/?¥,.. Hence the triangular inequality and (A.9) give

1/2

~ . -1 1/2 . ~ -1 .
{A’Tﬂ—quﬁ (\Il;Q_I\IIK) \IJ;Q—IAT] > {H/Q_I\IIN (qz;Q—qu,@) \II;Q_IH}
I -1 -l s 1/2
@ - Ay O, (\I/NQ \p,i) OO (I - Ar)
Hﬁ—l/znu _ T2l

In the expression (A.9) of TI(-), write 8 = [B1,. .., 3x]’, so that the definitions of i,i, Y, in (6.2) and Lemma A.1-(ii)

G
o () o]

Substituting shows that (6.3) is proven. (6.4) follows from (A.5) and Assumption V, which gives

Ar(X)\® s
_ pl/2 1/2 T /
=T"7°0p |:]E ( =(Xy) ) + K :| .0

give

a3 (

- I 1/2 12
|ovem)| = (Z > = (18%.8) " =T (9%.5)"* (HOP

TR/ (Egﬁ)z (1+o0p(1)) > T2

‘A’Tﬁflxyﬁ (\I/;?rlxlfﬁ)*1 U0 e

Appendix B: Proof of Lemmas A.1-A.3

B.1 Proof of Lemma A.1

We begin with Lemma A.1-(i), sup, ¢y max (||[S 1], [|[Zx]) < co. Since w'Seu=E (35, uk¢k(Xt)/U(Xt))2, 12|l

is the largest eigenvalue of the symmetric ¥, and ||$,;*|| is the inverse of the smallest eigenvalue of ¥,. Hence

== ol <Z kwk Xt) IIE1 = i <Z ,ﬂ’“ 9 ) ’
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Since f(-) and o(-) are bounded away from 0 and infinity over A by Assumptions E and X-ii, and because {9 (-) }ren~

is an orthonormal system of L*(A, dz), we have uniformly in &

- k Xt 2 ~ 2 T K 2 ,

This gives sup, ¢y max (||S7']],[|Zx]]) < oo, and we now prove that sup, .y. max (Hi;lﬂ,ﬂinﬂ) < oo. Let
Ve (Xt) = [Yrpmin+1(Xt), ..., ¥x(X¢)] and note that

5 g (¥rX)ve(Xs) IR NG oL I NC.OR RIS [ INC.OL /N ONN
5= [z ( o= | )

02(Xy) o2(Xy) Fmin o2(Xy)

It then follows that X, < [Ewk(Xt)ng(Xt)/aQ(Xt)]Kmm<k,£<ﬁ where A < B means that A — B is a symmet-
ric non negative matrix. This gives that [|X.|] < ||Zx| since the upper bound is a diagonal block submatrix
of ¥,. Observe that i;l is also a diagonal block of ;! by the partitioned inverse formula, so that Hi;lﬂ <
|25, This gives sup, cy» max (||§3;1H, ||ii|\) < co. To show that sup., . sup,ca lr(z)| < oo, note that
Uy (OZ0 L Bl (Xe) Wl (X:)/0(X¢)]is the La(A, f(x)dz/o” (z))-orthogonal projection of 1 (-) on 91 (-), . .., P, (+)-

The Pythagore inequality gives, uniformly in k& > 1,

(o) e 55 o

Therefore, the Cauchy-Schwartz inequality gives for all z and k > 1,

- _ - U (X)W, (X)
T < supsu K + sup |2, 12y v H H1/2 [—mm
|’¢k( )I };>li zep |w ( )| (L‘EIK H min mm || min UQ(Xt)
X ) Fomi (Xt) -1 wk(Xt) K (Xt)
< Cca1C »o 1/2 1/A2 E ¢k( t min vl E min
= + || min ||l€m1n X 0_2 (Xt) min 0.2 (Xt)
< OrylmBUR(X:) = Oryly,

S, =35.(0) =

o) 0eX) _ EM] |
1<k, t<kr

Assumptions E, X-i and (6.1) give

5 =B [ BENOD] s v () < & 3 ato).

and then, by the Cauchy-Schwartz inequality

Kmax [ Kmax 2
I B 1 3] P
=1

1<k<Kmax lul[=1 k=1

< sup Y ZIE (Ske — Swe)” Jul? = (KT‘“‘> (B.1)

lull=1 25 =1

A
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1/2

and then maxi<x<rmax HE — 3k H =Op ( "“") , and we now bound maxi<x<rmax ||2r

«||- We have, uniformly

ink S Rmax,

(VAN (ﬁfl — Qfl) U, u

T K 2
~ — 1 1 1
EH - EN = su = Ssu — u, X - —
H ”uui’l T Hungl T ; <; KWk ( t)> (02(Xt) 02(Xt))’
1 Kmax 9
< 0r ((mg 7)o ) 73 5 vA(X) = Or smsr)

Since Kmax < K.y, Assumption V and k2,../T = o(1) yield
Iilznax v Tk v =0 (1)
T max VT | — OP .

Therefore the smallest eigenvalue of f]n is bounded away from 0 and these matrices have an inverse for 1 < kK < Kmax

max ||S. — Z,| = Op

1<k<Kmax

with a probability tending to 1. The order of maxi<u<rmax i;l S ‘ comes from the series expansion
~ ~ —1 s —~ n
Hzgl —u ‘ = Hzgl {(Idm +(Se-z)mt) - Idﬁ} = HZ St (8- m0) =)
n=1
o " n+1
< HEF‘_EH (sup vt ) ,
52 sup (=]
which ends the proof of Lemma A.1-(i,iii) since sup, HE;I | < oo. O

B.2 Proof of Lemma A.2

Let us recall some results from empirical process useful to establish some preliminary bounds. Consider the class of
functions Gr from A to R with

dg(x)

= 2) < [
or {g() igglg(m) @)l < Mr, sup 0hxy... 0%y

< My for all d-uple with ¢1 + -+ + {4 = E} ,
with ¢ as in Assumption V. Under Assumption V, there is a M7 =< vr such that

liminf P (872(-) IS QT) >1—¢, for any e.

T— o0

Then, to establish Lemma A.2, we can view & 2(-) as a member of a Gr. Consider now a sequence of functions from

A to R and define the empirical process Z%(-) = {Z%(g), 9 € Gr} as

77 O mr(Xe s (X)g(Xo)e,

= =1 2 (mr (Xwe(X09(Xe) — Elmr (Xun(X)g(X0) or Zh(g) =

Modifications of bounds (8.3), (8.7) and (8.9) in Rio (2000) to account for multiplication by mz(-) and () with
sup,ca [¥k(x)] = 1 shows that

2
supE ( sup |Z%(g) — Z§(072)‘ > < O(vF) sup |mr(z)|? . (B.2)
k>1  \g€gr z€A
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Define

en(e) = W, ( ) (Q— Q_l) mr , en(S) =S5t - Bt
so that \I/;ﬁ_lz-: = W.Q e+ enle), U, QY = VO 'mr 4 ex(mr) and E !' = 27! + e.(Z). The Chebychev
inequality, (B.2) and Lemma A.1-ii give

K

lex (o) i
ex(€ 1 9
A T = Z (T1/2 Zwk (X0) (373X — o3 (X0)) €t>

H > Zq()eg <T1/22¢k Xy) (9(X:) — aZ(Xt))gt> = Op (v3CardKr) , (B.3)

KEKXT
2
max llextm)|® = Op(1) max + . max (1imT(Xt)¢k(Xt)(Q(Xt)—U_Q(Xi))>
weky T2k reKT K £~ g()€dT T —
T 2 k k¢ —2y\2
Zn(g9) — Zn(o
< 01 Z ng ( 2 [rr(Xapgn(X) <g<Xt>—a2<Xtm> + 0 m( )
= Op (UTCardICT) SgE|MT($)‘27 (B.4)
)
max llex(2)|| = Op (%) +/{mava:| . (B.5)

Observe also that the martingale structure of the e;’s, Assumption E and (6.1) yield that

—1 2 2
E {max H\IJRQHEH} Z Z (Z 1//’;2); €t> < CCardKr
t

RELT T B HE)CT
2
V.2 mr — B[00 mr] | 1 & o~ M (X )k (X0)
E < — Y V v w—
e T < & A
< CCardKr sup |mr(z )|2
zEA

It follows that
v, 0!
max M = Op (Cardl/QlCT) , max ’
KEKXT VTk REKT
~ ~ -1 .
Note that (A.2) is due to Cauchy-Schwarz inequality and HQ_l/Q\I/KU (\I/;Q_lllln) o2

from (B.3) and (B.6). We now prove (A.4). We have

| ¥ Q 'mr — E [V, Q 'mr] ||

v =0Op (Card1/2lCT> sup |mr(z)|. (B.6)

zEA

= 1. (A.3) follows

0w, (va)  wa e (€270 + ep(e)) (S + en(®) (Wi 'e + en(e))
K K K K - T
QNN O e 207N, S e () QT T e, (X)L, Q7
= +
T T
_‘_2<€’§2_1\11,§e,§(2)e,.E (€) + el (e)  ten(e) + el ()en(E)ex(e)
- .

y (B.3), (B.5), (B.6) and Lemma A.1-(i), Assumption V, kmax = o(T*/3/In?3T) and CardKr = O(InT), we have
QT Ve (DWLQ ] |/ W e, (D) WLQ e |?

max K max < kY2 max le= ()] H\IJ;QAE}
KEKT TkK1/2 B =y G Tk B o=y Tk
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1/2 w0t

S e T g el
K,3 1/2
= On» < r}ax> + Ksm/fx’UT:| CardlCT = 011»(1) N
Q7 0 e ()| 1 [ llex (o)
K K K _ /2 K K
TSR Ve = Op(mniax) max o= X max —
= Op (KmaxvrCardKr) ,

the other remainder terms being negligible. This gives (A.3).

We now turn to (A.5). Let m.(-) = 7. r(-) be a trigonometric polynomial function of IL. with sup,c, |mr(x) —

1/2

e ()] < 2inf(yem, sup,ey |mr(x) —7(x)]. Since Q- Thoia 1S & linear combination of the columns of Q'/2w, for

~ —~ —1 —~ ~
all K > Kpin, it follows that 7, 0~'0, (\I/;Q‘l\I/H) U0 e = O~ 'e. This gives

Kmin

mpQ N, (\1/;?2*1\1/5)71 VO = al Qe+ (mr —me) O, (Ti,ﬁ)f1 w0 e (BY)
with
(M — M) Q10 (Tf]m)i1 VO le=E [(mT — W““{,‘;‘)l Qilqj”} 200 e
+E {(mT - ”"mi"T)/ Qilq"‘m‘“] (2;1\1};@*1 - 2;1\1/;9*1) e
+ <(mT = ”“’;")l Sk T [(mT - ”"r;;n)l qu’“D SO e (B.8)

Consider first the leading term ﬂ;nﬁnﬁ_ls of (B.7). Because sup, . SUDP,cp [Try, (*)] < 0o and taking ¢1(-) = 1

gives, in (B.2),

T (071 =071 ) | = 0 (TV?01) sup i (2)] = Oz (T"/%0r) (sup [ ()] + Sup [ () = T <x>|) :
zEA TEA zEA

The definition of 7., (-) yields, under Assumption E,

2
_ _ e (X)) T (X))
E (7., Q 152:]E e Q e :TIE(M) <T E1/2<L + sup |[mr(z) — 7. (T .
(T '2)" = E (Wl o) =) < 2 ) s i (2) = 7 (o)

This gives, for the leading term of (B.7),

m Q7| T2 2 (mr(X)\?
Rmin _ /2 T t .
|| = e (B (5067 0o s e) —n) vr s ]

For the first item of (B.8), note that Assumption E gives that Var(¥/,Q 'e) =TS, = E [V, Q" "U,], see (6.2). Since

orthogonal projection decreases the mean squared norm, this gives, for the first term in (B.8),

_ I y—1 2
E(E{(mT “';“)Q \IIK}EEI‘P;Q_15>

1

1 _ _ — _
= ZE [(mr = Trpyn) Q710 [E(0,Q7' )] E[V.Q7 (mr — 7eyys)]

M (Xe) = Ty (Xe) ) :
a(Xt)

< Csup [mr(z) — Ty, ()]

1 _
< [ = 7 07 (= 7)) =B
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so that

Card'/?K
inf  sup |mr(z) — 7(z)|Op <1/2T ‘

7T( V€, in wEA

1 - — —
T [mr = me,,) @7 0] B

max
KEKT

min

For the second term in (B.8), observe that,

o [ = o 10

2
T1/2 < alx

Fy—1 /0|2
—1/2p (M1 — i) 7 Wi
K T1/2

2
Cg [(mr = Tn) @710, [E(0.Q7'0,)] T E[W,07" (mp — 7,,)] < CE M (Xe) = T (Xi)
T min min o (Xi )

< Csup|mr(z) — T, ()], and them
zEA
‘ [ — Mrimmin) Q’l‘l’nman} (Stwat - stwa ).
Csup,ep [mr(®) = T (@] [|j5-1 _ 5o - -
¢ O [+ 52 ]

Therefore Lemma A.1, (B.3) and (B.6) yield

(mT — Mkmin )/ o 'w
T

1
max —5
REKT :‘61/2

*‘} (igl\y;ﬁ* - Eglxlr;srl) e

L
T Kmax
T T

= inf  sup|mr(z) — w(x)|Op Card"?KCr .

m()€k, i, mEA

For the last item of (B.8), (B.3), (B.4) and (B.6), Lemma A.1, give that

wekr /R
= inf  sup [mr(z) — 7(z)|rmOr (UTCardl/QICT) X VT KmaxOp [(1 + UT)Cardl/leT]

m(-)€lk, i, mEA

T T

=  inf sup|mr(z) — 7(z)|T?0p (HmavaCardlCT) .

()€ ki, zEA

Substituting in (B.8) and (B.7) yields

mhQ- 1w, (\I/;ﬁfqum)_l U0 le

max

KEKT K1/2
T'/? 1 mr(X¢) 2
= Op |EY? [ Y 1 inf
730 (M) o) it suplmr() = 7))+ o supl (o)

+ inf  sup|mr(z) — w(x)|Op
T()ENk iy z€A

2 1/2
<Iimiln/2 + (%) + nmava) Card?Kp + Tl/Qnrlrl/aQXvTCardlCT]

T1/2 o (mr(Xe)\
= Op |EY? [ A2 inf .0
710 5 (50 ) ¥ oo, i) el - on gl

B.3 Proof of Lemma A.3

Abbreviate VH71/2<I>;(Xt)st into 7. Consider a sequence {7 }+en of iid N(0,1d,) variables independent of {&¢ }+en and

{Xt}+ten, where Id, is the identity matrix of dimension x X k. Let Z(-) be a three time differentiable real function.
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Define S7,, = ST Qr = (T~ ST||? — 6®k)/v/2k. The proof of Lemma A.3 is divided in three steps. The
main step aims to establish that for C(Z) = max (1,sup,cg |Z'(2)|,sup.cg |Z”(2)|) and some C' > 0 independent of x
and T,

E[Z(Qr)] —E [I (QT)” < C.OT) .o k2T 3 5530 (B.9)
Step 1. Proof of (B.9). We build on arguments used in the proof of the Lindeberg Central Limit Theorem as given in
Billingsley (1968, Theorem 7.2), see Horowitz and Spokoiny (2001, Lemma 10) for a similar approach in the context
of adaptive testing. It consists into successive changes of the n; into their Gaussian counterparts 7, as seen from
(B.10) below. However, a important difference is due to the use of nonparametric series methods and dependence.
Define

TSy (n)Ser (n) —

Ser(n) = Si—1 + 0+ S, Qur(n) = B T () = T(Qer(n)) for n € R

V2
This gives
EZ@)]-E[Z(Qr)]] = EWTrr(m)] -ERr@)l = |3 E[Firmn)] - ETer (i)
< Z (T (m)] = E [Ter (7)) - (B.10)

Define, for z € R and € R*, Jir(z;n) = Jir(zn). A third-order Taylor expansion of Jir(z;7) with integral

remainder yields

Jer(ne) — Jer(0) =

dJer (0; 1) n 1.d*Ter (05 m1) + /1 (1 —22)2 d3$§3(2§nt)dz ’
0 z

dz 2 d?z

with

SR — 2yt S, (0)T (Qur (0))

2 .

LI — 2|7 (Qer(0)) + 7 (niSer (0))* 7 (Qer(0)) (B.11)
3 z5

ET ) = W0y |20, Ser (2n0) T (Qur(210) + 57 (i Ser (2me))* T (Qur (2m4)) -

Let F: be the sigma-field generated by ...,7m—2,7t—1,741,7e+2,... and note that Syr(0) and Qur(0) are Fi-

measurable. Since n: and 7; are centered given F, we have

. [thT(o;m) B thT(O;ﬁt)} _

St (O (Qir(0)E [(n: — )

dz dz j_:tH =0,

{TW

and substituting the Taylor expansion in (B.10) yields

Eiz@n)-E[z(Qr)]| < ;i E [dm;?(:;m) - d2$;(£;r%)” (B.12)
+ % i/ol(l —z2)? [’Edgjt;(jm) + ‘Edg“ﬂgs(j;ﬁ‘) ] dz,  (B.13)

and we now bound each of these two sums.
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We begin by establishing a preliminary inequality. Let n1 and ns be two positive real numbers with 2 < nj+ns > 8.

Then for any ¢, t' and z € [0, 1],

1t+ng  ng

max (E||Ser (20) | I "2, Bl| Ser (270) | |70 |"2) < Copl ™26 2 T2 (B.14)

We give a proof for E||Ser(zn:)]|"" ||ns||™"2, the other bound being similarly established. The Holder inequality implies
that

n n
E|Ser (zne) | " Ine "2 < EF72 || Ser (2me) |12 E T ([ |14

ni+ng
2

IA

ni ~ ni+na n
e (1, +emll+ 1S5a0) " x | IV ET [Zs@ (Xe) ]

k=1

< 2 (BRI S, 4 a2 4+ B ST ) (V2 ik PR e M)

ny

Because 7; is a N(0,0%Id,), it is easily seen that E7it72 ||SE ||"1*"2 < Co™*"2(kT)"/? and we now bound
n1

Eri+m2 ||Sy 4 2m¢||™ T2, We have, by convexity, the Burkholder inequality (see Chow and Teicher, 1988, p. 396,

noticing that 3"~ ¢r(Xi)e: + 2¢r(Xt)ee is a sum of difference of martingale), and the Minkowski inequality.

nq+ng
. 21 =
ny +
Bl o< et S (Zwk s+ s
“ nitng] P12
ni+n
S A R R Zw Dei + zon(Xoer
k=1
- n oy mifng
< HV—1/2Hn1+n2 CZ En1+n2 (Z(pk E +z gpk(Xt) )
K :t n142rn2
nitn ny+ns
< OV 2—12 Zwliw |62 (X0)e2| 1372
k=1 Li=1
ni+n
< OV A (RT) T TR M
This gives Emim 1S: + zne||"1H72 < C(kT)™ /2™ and then (B.14).
We now return to (B.13). The expression (B.11) of the third derivative of Jir(z;7¢) and (B.14) yield
d? ﬂT(Z 77t) d3$T(Z§ﬁt)
2/ o IR | ¢ [ B | o
< o0y ['a-o{ 223w b seenl + 1 lsr ]
8 E 319 3 4 15 B IS (27131 b g
+ 75,372 B Il 1Ser o) lI” + 171711 Ser (27717 ¢ d=
}{,3 1/2
< 080T (H.T_1/2+/€3/2.T_1/2) < 0.0%.C(T) <?> . (B.15)

29



To study (B.12), let ®,.(X:) = VH71/2<I>;(Xt) = [p1(Xe)s -, @u(X2)], Ser = Ser(0) = [Sury ..., Seer]’, Qer =
Q:7(0). The definitions of 7, 7; and F; shows that E[nrime: — ke iiee| Fi] = @r(Xe)Be(Xo)—1(k = £) = @r(X1)pe(X:)—
E[or(X¢)@e(Xt)]. Therefore since Q¢r and ¢ are ft measurable, conditioning with respect to .7?,5 yields, using the

expression of the second order derivative of Jir(0;7;) given in (B.11)

&> Tir (0;n:) > Ter (05 77) 4
E ’ — J = —Epr (X)) T
o s T\/ﬂ Z Pr(X0)) T (Qer)]
4
ta D E[(@k(X0)@e(X0) — El[r(X)@e(X0)]) SuerSurT” (Qur)]
Ko <re<n
-2 /
= Xy),T
T\/ﬁ g ov (3r(Xe),Z' (Qur))
4
+ T2 Z Cov (@r(Xe)Pe(Xt), SkerSeerZ” (Qur)) -
1<k, 0<r
Let n be an integer and define
. = y TS| — o2 2807(St — Stn_ Sy — St 1
Ser = St—n-1+ Sti1, Qur = T 5l = 07w tTTHH T8 — Qir - i (5e = St Tl);;@” t = Simnal
The variable C}tT and S’tT depend upon 741,...,0r and 71, ...,Mt—n—1, which are n + 1 time periods far from the

@7(X¢)’s. Since sup,cga |k (7)| < supyega [|Pw ()] < Vi 2|l 0oo v/, the Wolkonski-Rozanov inequality yields

ZCOV( (QfT))‘ < AC@)|Vi P eRraln) (B.16)
S Cov [pe(X)@e(X0), SurSunT’ (Qur)]| < SC@IVE 2 PeRena™ () Y EXSrurl’
1<k, <k 1<k, <k
< 8C@IVi A Pekra i (n) ST EF|Sker PEF | Sur
1<k, <k
< Cco@|Vi YAt et P Ta  (n) (B.17)

by first integrating out with respect to the 741, .. ﬁT, which are independent from the 7;’s, and using (B.14). Note
that Egx(Xe)' < Vi /2|20 nE@n(X0)? = [[Vi 2|20k and Var'/2(g} (X))@} (Xe)) < (Eh(X)Egh (X)) <
HV;l/QHgooo\/E. This together with the definition of Q¢r and (B.14) gives

XK: Cov [@i(Xt)yzl (Qir) =T’ (QtT)] ’
k=1

C(I) ¢ -2 5 2
< —= — 1= St—n— 1= St—n—
< 5 %ZE [!m(Xt) 1 (2|\StT|\||St L= Sinall 4 1St = S )]
< Z EV2 6% (x0) — 1) ( EY4|Ser[|* X BY4|Se-1 = Stmna||* + B2 Ss-1 — 5t7n71||4)
< C’% (li X pookt/? x ((poo\/mTcpoo\/fm—Fgago/in)) = C.C(I).gpioﬁ% ,
Cov [@k(Xt)Qe(Xt)7 Setr Sker (Z//(QtT) _I//(QtT))]
1<k <k
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S e (EVISmITE SSims = Sinm |+ BV S0t = Sl
K
X Z Var'/? (@i(Xt)@[g(Xt)) E'/®S5rEY* Siir
1<k (<
< Cg(ifg)mpio (\/Tn —|—n) X 12 poor/RprT = C.C(T). 00 k> (\/Tn + n) ,

Z Cov [g&k(Xt)cpe(Xt) (SuT - 5’th> (SktT - gktT) IH(QtT)}

o 4 o 4
< C@) Z Var'/? (27 (X0) @7 (X0)) E'/* (SZtT - SltT) E'/* (SktT - SktT)
1<k (<n
< C.OM).936"n
Cov [95 (Xo)@e(Xe), Sker (SetT - SZtT) I”(QutT)]
1<k (<x
o 4
< o) Var'/? (@ (X0)@F (X)) BV ASEer BY* (Seer — Surr )
1<k f<x
< C.O(T).p3r>*VnT

Therefore, (B.16), (B.17) and these inequalities give

™ Cov (@H(X0). ' (Qur) ’

k=1
(o T
< C.CD).psek ax(n)—kn#

Z Cov (pr(X)@e(X¢), SkerSeerT” (Qer)) |

1<k <k

Z Cov [cﬁk(Xt)@(Xt),gktTgetTIN (QtT)

1<k,b<r |

—

+ Cov [@k(Xt)@(Xt), Skt Set (IN (Qer) —I" (C?tT))] ‘
1<k t<r
+2 Cov [@k(Xt)@l(Xt)7 Sger (SltT - thT) IH(QutT)}
1<k .t<r

Z Cov [@k(Xt)@z(Xt), (Szth - gltT) (SktT - §ktT) I//(QtT)]

1<k, <k |

< C.OMT).o%K? (To&“(n) +vnT + n) .

Summing over ¢ gives in (B.12)

> e

t=1

me 0;ne)  d*Fer(0;10)
d?z
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< C.OM)P3VE | axn) + ,«U(MTT;JFH) + C.C(I).cpio’; (Tai(/‘*(n) +V/nT + n)
< C.CT).¢5% |Vrax(n)+ fiZai(M(n) + (HS/Q + HQ) W
< COW@)p%r” | o' (n) + WTM)

(\/ﬁ+ n)

< C.O@).Por? [ni0He (B.18)

T )
under Assumption M-i. An optimal choice of the order of n in (B.18) is T?/(+34) which gives the upper bound
C.C(I).@;H2T7% 5434 . Therefore (B.18) and (B.12), (B.15) and (B.13) yields that (B.9) is proven.

Step 2. Proof of Lemma A.3-i. Choose now a three time continuously differentiable Z.(z) with Z.(z) = 0 if z < —e¢,
Z.(z) = 1if z > 0. This gives, for any v € R,

I(z>7) <Z(z—7) <Lz=2v-¢), (B.19)
and then, by (B.9),
P(Qr>7) < EL(Qr—7) <EL(Qr —7) + Copler®T 2573 (B.20)
< P(Qr2v-c)+o(1),

EZ(Qr —v — €) > BZ(Qr — v — €) + o(1)
IED(tQVT 27+6) +o(1) .

=
)
|
%
2
Y

A%

Note that Q7 is a (x(k) — k)/v/2x which has a continuous density and converges in distribution to a standard normal

if k goes to infinity. Therefore taking € small enough gives Lemma A.3-i.

Step 8. Proof of Lemma A.3-ii. The proof is done by bounding EZ. (@T — ) in (B.20). Observe that @T has the

same distribution as

1 (-1
where the (}’s are iid N(0,1) random variables. As established in the proof of Theorem 7.2 of Billingsley (1968) and
changing the ({7 — 1)/v/2 into standard N(0,1) variables, there is a constant C. with
Ce
5
Then (B.19) and (B.20) show P (Qr > ) < P(N(0,1) >~ — ¢) + C. [KQT—%% + ﬁ] Applying the Mill’s ratio
inequality (see Shorack and Wellner (1986), p.850) to P (N(0,1) > v — €) shows that Lemma A.3-ii is proven. O

EZ.(Qr —7) ~ BL(N(0,1) = 7)| <
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Table 1: Size properties ( 5 %) of our and Hamilton tests (LM)
(200 observations)

c LM

distribution  p 2 3 5
normal 0 .057 .048 .047 | .047
student 0 .055 .047 .046 | .047
exponential 0 .056 .048 .047 | .048

normal .25 || .057 .048 .047 | .045
student .25 || .059 .052 .051 | .051
exponential .25 || .060 .051 .049 | .049

normal .50 || 057  .047  .045 | .044
student .50 || .056 .050 .050 | .051
exponential .50 || .057 .050 .047 | .049

normal .75 .052 .044 .043 | .044
student 75 || 059  .051  .050 | .050
exponential .75 || .058 .048 .046 | .055
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Table 2: Power properties ( 5 %) of our and Hamilton tests (LM): first experiment
(200 observations)

c LM

pr p2 lp2—pi| || 2 3 5
0 .25 25 236 224  .222 | .118
50 50 653 646 .645 | .361
75 75 849 846 .846 | .682
25 5 25 237 227 226 | .128
75 50 583 576 575 | .413
-.50 75 947 945 944 | .666
50 .25 25 261 247 246 | .123
0 50 725 715 713 | .360
-.25 75 967 965 .964 | .652
75 50 25 312 298 .295 | .160
25 50 797 785 781 | 411
0 75 979 976 975 | .673
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Table 3: Power properties ( 5 %) of our and Hamilton tests (LM):second experiment

(200 observations)

1 25 || 168 161  .161 | .056
.00 || 426 421 420 | .072
75 || 564 555 553 | .105

50 .25 || 245 233 .231 | .080
.50 || 639  .605 595 | .213
75 || 758 716 .699 | 477

25 .25 || 301 263 .254 | .278
.50 || .71 664 622 | .716
75 || .857 .764 .702 | .776
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Figure 1

Alternative model (p = .5)

Dashed line is for 7 = .25, thick line for 7 = .5 and solid line for 7 = 1.
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