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Where do we stand

» We have considered throughout the self-insurance problem

when the only asset available is the risk-free asset.

» We have seen how prudence - v > 0 is sufficient to

generate a precautionary saving motive.
e The introduction of a precautionary saving motive is able to
account for a number of empirical failures of the PICH.
e Two problems still persist even after the introduction of
precautionary saving if the utility function is negative
exponential.
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Linear consumption function with exponential utility

Remember the consumption and saving functions when utility
is negative exponential and income an AR(1) process.
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Problems when consumption is linear

Too low MPC out of wealth windfalls

» The marginal propensity to consume out of wealth windfall
(MPC,) is the same as under certainty and under

quadratic utility.
For a generic income process, we have.

e Exponential utility:
¢t = —K +r(a; + Hy)
e Certainty and quadratic utility:
¢ = r(ap + Hy).

» In both case M PC, = r ~ 0.03 while it is roughly 0.3 in
the data.
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Problems when consumption is linear

Consumption and wealth are random walks

» Exponential utility implies
Etct+1 =ct+ K (78)

and K
ai+1 = a¢ + 7 + Hy — EyHyqq. (79)

» Consumption and wealth are random walks with drift.

» Both are expected to grow without bound independently of
wealth level. Therefore saving is independent of wealth
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Why it is unpalatable

Consider, for simplicity, the case Hy — EyHy1 = 0 (no
consumption smoothing).

» As long as income is uncertain, it is K > 0 and individuals
keep postponing consumption however rich they are.

» But..., infinite wealth should allow the individual to
perfectly self-insure and greatly reduce the precautionary
saving motive.

e Recall:
u"” (¢r) Eileiyr — e

Cu(¢) 2

Et[ct—i-l - Ct] = (80)

e The last term goes to zero when a; — co.

» So the random walk result is very unpalatable.
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Possible resolutions

» Throughout we have maintained two assumptions:
e f(1+1r)=1
o Infinite horizon.

» Together they imply that the consumption and wealth
processes diverge to infinity whenever there is a

precautionary saving motive.

» We do not want to give up the second assumption (it is

very convenient).
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Plan of this lecture

1. Show that

o if income is uncertain borrowing constrains are also sufficient
to generate a precautionary saving motive;

e requiring consumption to be non-negative implies a (natural)
borrowing constraint;

e if income is uncertain wealth and consumptio are bounded if
and only if 5(1+7r) < 1.

2. Argue that precautionary saving together with S(1+7r) < 1
imply that
e consumers want to accumulate wealth up to a target level and
decumulate it above such level; i.e. saving is decreasing in
wealth;
e the average marginal propensity to consume out of wealth
windfalls is significantly larger than r.
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Self-insurance with borrowing constraints

> Relevant readings: Ljungqvist and Sargent, chapter 16
(judiciously) and 17.3-17.5.

» We now tackle bulled point 1. in the previous slide.
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Self-insurance with borrowing constraints

Consider the consumer maximization problem in the presence of
borrowing constraints. Assume income is a first-order Markov
process. Assume also it is bounded (for simplicity). That is

yt € [y,y] for any t.

W(at,y:) = max u(cy) + BEW (a1, Yis1)

Ct,at+1
st a1 =1 +1m)ay +y —

a¢ given, solvency

~~ I~
co o o oo
= W N =
NN AN N

ag41 = —b.

The last one is a borrowing constraint as long as b > 0.
Resources carried over to the next period cannot fall below

some bound.
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Euler equation with borrowing constraints

The optimality condition for the above problem is the following

u'(er) > B(L+r)Ew (ciq1), = if a1 > —b. (85)

» The standard Euler equation holds only if the borrowing
constrained is slack.
» If not, it is a1 = —b. From the dynamic constraint,

consumption is given by

ce = (1+7)ar +ys + b. (86)

e The individual consumes everything, including her maximum
borrowing allowance b.

e She would like to borrow more to equate marginal utility
today and tomorrow.
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Steady-state consumption without income uncertainty

» If income is deterministic

e as long as B(1 4 r) <1 consumption converges to a finite
limit as ¢ — oo (we know this from Ramsey model);
e consumption diverges if (1 +r) > 1.

» We now compare this result to the case in which income is
uncertain.
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Steady-state consumption with income uncertainty

Define the non-negative r.v.

My = [B(1+ 7))/ (er) > 0. (87)

> It is
Myyr = My = [B(L+1)'[B(L + 1) (cra1) — /' (ce)]. (88)
» We can rewrite equation (85) as
Ey(Myy1 — M) < 0. (89)

» This implies that M, is a (non-negative) supermartingale.
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Supermartingale convergence theorem

Theorem

Let My be a non-negative supermartingale. For t — oo, M,
converges almost surely to a non-negative random variable M

with E(M) finite.
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B(l+r)>1

L p(1+r)>1.

e [B(1+r)]" diverges to infinity.
o As My = B(1 + r)]*u/(c;) converges it has to be
limy oo t/(ct) =0
e Aslong as u’ > 0, ¢; diverges to infinity and so a;, as long as
the PDV of labour income is finite.
2. f(1+r)=1
e Same result as when S(1 4 r) > 1, under fairly general

conditions on the income process.
e Drastically different from the no-uncertainty case.

o However little uncertainty there is, it implies that consumption
diverges in the limit.
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Bl+r)<1

3. u/(¢t) does not have to converge to zero for M; to converge.

e Consumption can stay finite and vary with shocks.

e The average levels of consumption and assets remain finite.

e Intuition: as long as the borrowing constraint can be hit with
positive probability consumers save in order to avoid such
event (precautionary saving).

e The precautionary saving motive implies consumption is
expected to grow if 3(1+7r) = 1.

e If B(1+4 r) < 1 the consumption tilting motive implies a
downward sloping consumption profile in the absence of a
precautionary saving motive (assets would converge to the
borrowing limit).

e The two effects balance each other out and the wealth
distribution is non-degenerate.
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The natural borrowing limit

What happens if ¢;45 > 0 (e.g. as under CRRA, or additional
constraint)?

» The intertemporal budget constraint implies

[e.9]

1 o~ Ciys Yt+s
> 90
YTy Z(1+r 1+r (1+7)° (90)

s§=

> Given c¢445 > 0, the above inequality implies

oo

Yt+s
= —h 91
a2 = 1+r (1+7r)s t (91)

Ss=

» Ayagari (1994) calls this the natural borrowing limit as it
follows by imposing only the natural constraint ¢, > 0.
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The natural borrowing limit

Certain vs uncertain income

The borrowing limit has to hold with probability one.
1. No labour income uncertainty.

e The maximum amount the individual can repay at time ¢ is
the present value of her labour income from then onwards.

2. Labour income uncertainty.

e Since, there is a positive probability that the individual
receives her worst possible income realization y at all possible
t + s, equation (91) has to hold in this worst case scenario for
it to hold with probability one.

o The natural borrowing limit is

I — ¥ y
ay > — E = =—-==—h. (92)
1+7r (1+7r)s T
s=0
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Natural vs ad-hoc borrowing limit

» If consumption cannot be negative any ad-hoc borrowing
limit b such that b > h is slack at the natural borrowing
limit.

» The natural borrowing limit is tighter than the ad-hoc one
if b > h.

» The borrowing constraint associated with non-negative
consumption is a;41 > —¢ with ¢ = min{b, h}
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Non-negative consumption and precautionary saving

» As long as consumption cannot be negative it implies a
borrowing constraint.

e The constraint is binding with positive probability in the
presence of income uncertainty.

e Borrowing constraint are sufficient to generate a
precautionary saving motive when income is uncertaint.

e Income uncertainty generates precautionary saving even with
quadratic utility as long as consumption cannot be negative.

» Note that the natural borrowing limit already implies
solvency.

» The solvency constraint does not need to be imposed
separately.
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Precautionary saving and general equilibrium

» Relevant readings: Aiyagari (1994) and Ljungqvist and
Sargent, chapter 17.6.

» In this section we want to study the implications of
precautionary saving for the equilibrium interest rate and
the equilibrium stock of capital.

» In order to deerive the aggregate supply of assets we need
to derive the individual asset supply (saving function).

e Deriving the saving function when consumption is not linear.
e Namely, interplay of precautionary saving and consumption
tilting.
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Individual asset supply with no income uncertainty
Assume that y is fixed.

1. B(1+ ) < 1. If the individual is not borrowing constrained
the Euler equation holds and implies

u'(cr) = B(L+r)u/ (1) < u'(cqr)- (93)
e Ast — oo consumption decreases until a; = —¢.
e In the limit the individual asset supply is —o.
2. B(1+r) =1

e With constant income nothing to smooth. sy = a1 —a; = 0.
o Wealth is constant at its initial value and
¢t =y +rag =y + rag for any t.
e Individual asset supply is whatever the individual had at the
beginning of time.

3. B(1+r) > 1. In the limit the individual asset suppy is oc.
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Individual asset supply with income uncertainty

Assume the income process y; is i.i.d. (i.e. Epyis = p for any
s >1). Assume also it takes values in a finite set y1,¥2,..., Yk
with y; < yiy1.

The consumer problem is

Was, yi) = %ﬁfu(% + (L +7r)ar — at1) + BEW (ats1, Yit1)

(94)
st.cetar =y + (1 +7r)ar (95)
a; given, a;41 > —o. (96)

Note that since y; is i.i.d. its current realization does not help
predict its future variable.
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Change of state variable

All that matters for the consumer decision problem (the
relevant state variable) is not a; and y; separately, but the total
cash-at-hand z; = (1 + r)a; + y¢ + ¢. Therefore we can write the
consumer value function as a function of z;

W(z) = maxu(zy — apy1 — @) + BEW (2441) (97)

ars1
st.eotap1=2—0¢ (98)
ze1 = (L4 r)asr + Y1 + ¢ (99)
a; given, a; 1 > —@. (100)

If we denote by a; = a; + ¢ finding a solution for the function
at+1 is equivalent to finding a solution for its translation ;1.
It is more convenient to work with the latter.
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The saving policy

The solution for the optimal policy a;41 is a function

Qg1 = Qg1 (2657, 0). (101)

» From the previous section, if (1 + r) > 1 the limit of the
policy function as4+1 as t — oo is infinite.

» So we are interested in studying its properties only for the
non-degenerate case S(1+r) < 1.

» If B(1+r) < 1 the policy functions are illustrated in Figure
9 (all figures that follow are from Aiyagari 1994). We
know, from standard theorems, that it is a continuous
function under fairly general conditions.
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ci(2t), air1(2) when B(1+7) <1

Cp 8y

A
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Saving vs cash at hand

» The consumer is borrowing constrained for low values of
cash at hand.

e Below some cutoff value 2, it is G;41 = 0 (i.e. ar41 = —¢) and
Ct = Zt.

e Consumption increases one-for-one with cash-at-hand while
future wealth is constant.

» For z; > Z the consumer is not borrowing constrained.

e and the Euler equation demands that she divides any increase
in cash-at-hand today between consumption today and
tomorrow;

e a;41 is increasing in z; at a rate positive but strictly less than
one and consumption increases at the complementary rate.
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The consumption function is concave

» With borrowing constraints the consumption function is
concave (at least globally).

» The marginal propensity to consume out of cash at hand is
one if the individual is borrowing constrained and decreases
in wealth to converge asymptotically to roughly r. This is
consistent with

e Keynes’ insight that richer consumers save more;
e an average (across consumers)marginal propensity to
consume out of wealth windfalls in line with the data.

» When z; — 00, a4+1 and ¢; increase in z; at the same rate
as they would under risk neutrality.
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A useful alternative representation: z;,1(2;)

Using the definition of cash-at-hand we can write

Zi41 = (14+7) (41— ) +Yip1+0 = (14+7) a1 (2637, @)+ Y1 — 10,

which gives tomorrow cash-at-hand as a function of today’s.
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Figure 10 : Pglicy function (cash at hand)
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Intuition

The figure contains the main insight of precautionary saving
when wealth is bounded (i.e. (1 +7) < 1).

» Mapping from z; to z;41 for the two extreme value of .41,
Y = Wlnin and § = wlpag-

» Mapping is stochastic as 3,41 is stochastic as of time ¢.
Given z;, Y441 determines the appropriate z;41 curve.

» For any 2, zi41 € [2Zmins Zmaz) — [Zmins Zmaz) 1S the support
of the unique and bounded steady state distribution of z.
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Implications: target wealth

» For low values of cash at hand, but high enough that the
borrowing constraint is not binding, individuals save until
they reach the target level z,4:.

» At high level of wealth the precautionary saving motive is
lower and individuals can self-insure nearly perfectly. They
dissave above zpaz-

> At zpq: the precautionary saving motive is exactly
balanced by the consumption tilting motive associated with
B(l+r) <1

» Without such counterbalance, the precautionary saving
motive would prevail at any level of wealth and the two
lines would never cross.
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Aggregate asset supply

Obtaining the aggregate asset supply in the limit as ¢ — oo
requires taking the average across consumers (5 = 1%\ in the
picture)

-b

FiGURE Ila FiGure ITb
Interest Rate versus Per Capita Assets Steady-State Determination
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Precautionary saving increases equilibrium asset supply

» Certainty: steady state average asset supply equal —phi if
r < A (consumption tilting), is indeterminate if » = A and
equals 0 if r > .

» Uncertainty: there is always somebody with wealth above
¢ therefore the aggregate asset supply is alway to the right
of —¢.

» As r increases towards the point where S(1 +r) =1
(r = A) the limit individual asset supplies diverge to
infinity and so must the aggregate one.

» If you add (right hand graph), a downward sloping asset
demand, it is clear that the equilibrium interest rate is
lower (aggregate asset supply higher) than under certainty.
This is due to the precautionary saving motive.
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