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Plan of this lecture

I To derive a number of tests of the prediction of the

consumption-based CAPM.

I To present two important asset pricing puzzles in macro

• Equity premium puzzle

• Risk-free rate puzzle

I To discuss the recent empirical evidence.

I To discuss possible solutions to the puzzle.
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The basic pricing equations

R−1
t = Et [mt+1] (148)

pjt = Et

[
mt+1(pjt+1 + yjt+1)

]
(149)

I R−1
t is the price of the risk-free asset

I pjt is the price of some risky asset j with dividend process

yjt+1.

I mt+1 = β
u′(ckt+1)

u′(ckt )
is the stochastic discount factor.
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Price implications

pjt = Etmt+1Et(p
j
t+1 + yjt+1) + covt (mt+1, (pt+1 + yt+1)

= R−1
t Et(p

j
t+1 + yjt+1) + covt (mt+1, (pt+1 + yt+1)

I Price equals PDV of expected payoff adjusted for risk

I Price is above (below) PDV of expected payoff if payoff is

positively (negatively) correlated with the SDF.
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The basic pricing equations in terms of returns

I Let Rjt+1 = (pjt+1 + yjt+1)/pt. The basic pricing equations

pjt = Et

[
mt+1(pjt+1 + yjt+1)

]
R−1
t = Et [mt+1]

can be rewritten in terms of rates of return as

1 = Et

[
mt+1R

j
t+1

]
(150)

1 = Et [mt+1Rt] (151)

I Subtracting the two equations one obtains

Et

[
mt+1(Rjt+1 −Rt)

]
= 0 (152)

I Equations (150)-(152) are the basis for all empirical tests.
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Implications for returns: the risk premium

Equation (152) can be rewritten as

0 = Etmt+1Et(R
j
t+1 −Rt) + covt

[
mt+1, (R

j
t+1 −Rt)

]
or

Et(R
j
t+1 −Rt) = −

covt

[
mt+1, (R

j
t+1 −Rt)

]
Etmt+1

I EtR
j
t = risk-free rate + risk-adjustment
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Volatility bounds (I): Hansen-Jagannathan

The previous equation holds also unconditionally

E(Rjt+1 −Rt) = −
cov

[
mt+1, (R

j
t+1 −Rt)

]
Emt+1

I Given the identity ρxy = cov(xy)
σxσy

one can write

E(Rjt+1 −Rt) = −ρmRjσmσRj

Emt+1

I As |ρmRj | ≤ 1 the above equation implies a bound∣∣∣∣∣E(Rjt+1 −Rt)
σRj

∣∣∣∣∣ ≤ σm
Emt+1
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Hansen-Jagannathan bounds

Two ways to use the previous equation.

I It has to hold for any asset. Hence

max
j

∣∣∣∣∣E(Rjt+1 −Rt)
σRj

∣∣∣∣∣ ≤ σm
Emt+1

• It provides a lower bound for the coefficient of variation of

the SDF.

• Only SDFs that satisfy the bound are supported by the data.

I Alternatively, given a stochastic discount factor asset

returns have to satisfy{
E(Rjt+1 −Rt) <

σm
Emt+1

σRj if E(Rjt+1 −Rt) > 0

E(Rjt+1 −Rt) > −
σm

Emt+1
σRj if E(Rjt+1 −Rt) < 0
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An alternative manipulation

Let us use equations (150)-(151) instead to write

1 = Et[e
logmt+1+logRt ]

1 = Et[e
logmt+1+logRj

t+1 ]

I Assume logmt+1 and logRjt+1 are jointly normally

distributed and homoschedastic (no longer general

equilibrium).

I We can write

1 = eEt logmt+1+logRt+
var(log mt+1)

2

1 = eEt logmt+1+Et logRj
t+1+

var(log mt+1)

2
+

var(log R
j
t+1)

2
+cov(logmt+1,R

j
t+1)
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An alternative manipulation II

By taking logs of the last two equations and subtracting the

first one from the second one we obtain

logRt = −Et logmt+1 −
var(logmt+1)

2

Et logRjt+1 − logRt +
var(logRjt+1)

2
= −cov(logmt+1, R

j
t+1)
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Parametric restriction: CRRA preferences

I To make progress we need to impose some parametric
restriction.

• u(c) = c1−γ

1−γ , which implies

• logmt+1 = log

[
β
(
ct+1

ct

)−γ]
= log β − γ∆ log(ct+1)

I The two equations in the previous slide become

logRt = − log β + γ∆ log(ct+1) + γ2 var(∆ log(ct+1))

2

Et logRjt+1 − logRt +
var(logRjt+1)

2
= γcov(∆ log ct+1, R

j
t+1)
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The basic equations with CRRA preferences

With CRRA preferences equations (151)- (152) can be written

as

1 = Et

[
β

(
ct+1

ct

)−γ
Rt

]

0 = Et

[
β

(
ct+1

ct

)−γ
(Rjt+1 −Rt)

]
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Testing for pricing errors: averages
One could use the previous two equations to create pricing

errors.

εdt+1 =

[
β

(
ct+1

ct

)−γ
Rt

]
− 1

εe−d =

[
β

(
ct+1

ct

)−γ
(Rjt+1 −Rt)

]

I The first equation relates to the risk-free rate.

I The second equation relates to the equity premium.

I Under the null hypothesis (which can be tested) the -

conditional and unconditional expectation - of the errors

have to be zero.
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Equity premium volatility test

logRt = − log β + γ∆ log(ct+1) + γ2 var(∆ log(ct+1))

2
(153)

Et logRjt+1 − logRt +
var(logRjt+1)

2
= γcov(∆ log ct+1, R

j
t+1)

≤ γ
√
var(logRjt+1)var(∆ log(ct+1))

I The second equation relates the excess return on the risk

free asset to the covariance between consumption growth

and such return (it is the equation behind the equity

premium volatility puzzle).

I The first equation relates the risk free rate to consumption

growth and its volatility (it is the equation behind the risk

free rate puzzle)

c© Giulio Fella, 2014 ECOM 009 Macroeconomics B - Lecture 8 221/231



The data

I The equations on the previous two slides have been used to

test how well the representative agent model can explain

asset returns. Rjt+1 has traditionally been the return on the

S&P stock market index, Rt the return on US T-bills and

consumption is average US per capita consumption. Note

that the law of iterated expectations implies that we can

replace Et (the conditional expectation operator) by E0

(the unconditional expectation operator); i.e. use time

averages.

I Recently, McGrattan and Prescott (2003) have proposed

some corrections to the data.
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The data

I The above table and all the following ones come from

Imrohoroglu (2009).

I They report all data and tests for the original data (S&P

500 and T-Bill rate) and the modified stock market data

(Adj. S&P 500) and modified bond data (Long-term Debt

rate) proposed by McGrattan and Prescott (2003).
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Pricing errors: mean of εe−dt+1

pippo
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Pricing errors: mean of εdt+1
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The equity premium volatility puzzle

Et logRjt+1 − logRt +
var(logRjt+1)

2︸ ︷︷ ︸
aere

= γ cov(∆ log ct+1, R
j
t+1)︸ ︷︷ ︸

coverm,∆c/100
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Equity premium volatility puzzle: bottom line

I Given the low covariance between consumption growth and

the stock market index the coefficient of risk aversion

which reconciles such covariance with the high equity

premium must be way too large (this is the equity

premium volatility puzzle pointed out by Mehra and

Prescott 1985).

I The return on the stock market is too high given the
(non-diversifiable) risk involved.

• Low covariance is due to (1) low consumption growth

variance; (2) low correlation between consumption growth

and stock returns.

• (1) is the real source problem
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The risk-free rate puzzle

logRt = − log β + γ∆ log(ct+1)︸ ︷︷ ︸
∆c

+ γ2 var(∆ log(ct+1))

2︸ ︷︷ ︸
var(∆c)
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Risk-free rate puzzle: bottom line

I Given the risk aversion coefficient necessary to eliminate

the equity premium the risk free rate is too low (or the

subjective discount rate must be negative to fit the data)

(this is the low risk free rate puzzle pointed out by Weil

1989). Note that it is there only as a consequence of the

risk aversion coefficient having to be high enough to fit the

equity premium.

I Alternatively, given that consumption per capita grows

over time at roughly 3% either the precautionary saving

motive is large (and it is not using aggregate data) or

consumption tilting requires a high risk free rate relative to

the subjective discount rate.
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Assumptions underlying the consumption CAPM

To understand were the problem may lie think about the

assumptions underlying the equations.

1. Time separable preferences which associate risk aversion

and intertemporal elasticity of substitution.

2. Complete markets. This allowed us to replace the

individual stochastic discount factor (a function of

individual consumption) with the economy-wide stochastic

discount factor (a function of average per capita

consumption

3. No frictions/transaction costs in trading assets. Otherwise

the return on share may partly reflect higher taxes and/or

higher transaction costs rather than just risk.
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Possible solutions to the puzzles

1. Non-standard preferences (e.g. Epstein-Zin) decouple
risk-aversion from intertemporal elasticity of substitution.

• Without further restrictions, they can explain the low risk

free rate puzzle but not the equity premium one (the risk

aversion coefficient still need to be high).

• Some hope if consumption - i.e. dividend in general

equilibrium - growth and consumption volatility are a

persistent process (roughly AR(1)). See Bansal and Yaron

(2004).

2. Incomplete markets are unlikely to take us very far unless

they imply very high consumption variability (i.e. income

shocks are highly persistent) (think about equation (153)).

3. Transaction costs are dealt with in the tables above. They

are not large enough to solve the puzzle.

c© Giulio Fella, 2014 ECOM 009 Macroeconomics B - Lecture 8 231/231


	LECTURE 8
	Asset pricing puzzles


