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Abstract

This paper considers GMM estimation of the inclusive panel AR(1) model which contains
the covariance stationary panel AR(1) model and the panel AR(1) model with a unit root as
special cases. The paper presents a two-step Optimal Linear GMM (OLGMM) estimator for the
inclusive model which is asymptotically equivalent to the optimal nonlinear GMM estimator of
Ahn and Schmidt (1997) when the data are covariance stationary. Next the paper derives the
asymptotic distribution of the OLGMM estimator when the model has a unit root under a variety
of assumptions about the initial observations and the initial estimator. It is shown that in most
cases the OLGMM estimator is superconsistent. In addition it is shown that the Iterated OLGMM
estimator is superefficient when the variance of the initial observations is finite and fixed, i.e. small
compared to the cross-sectional dimension of the panel. The paper also conducts a Monte Carlo
study in which the finite sample properties of various GMM estimators for the inclusive panel

AR(1) model are compared.



1 Introduction

In this paper we study GMM estimation of the inclusive panel AR(1) model which contains the
covariance stationary panel AR(1) model and the panel AR(1) model with a unit root as special
cases.

We first derive a linear GMM estimator for the autoregression parameter p in the inclusive panel
AR(1) model which exhausts all the information in the second moments of the data. We show that
when |p| < 1 an optimal version of our Linear GMM estimator is asymptotically equivalent to
the optimal GMM estimator for the inclusive panel AR(1) model that was proposed by Ahn and
Schmidt (1997). The latter estimator exploits a moment condition that is nonlinear in p.

Next we derive the asymptotic distribution of the two-step Optimal Linear GMM estimator
when p = 1 under a variety of assumptions about the initial observations and the initial estimator.
We find that this distribution is non-normal and involves the asymptotic distribution of the initial
estimator. In most cases that we consider the OLGMM estimator is superconsistent. In addition
we show that the Iterated OLGMM estimator is superefficient when the variance of the initial
observations is finite and fixed, i.e. small compared to the cross-sectional dimension of the panel.
These asymptotic properties of the OLGMM estimators are related to a moment condition which
only identifies the unit root and whose sample counterpart holds deterministically when p = 1. As
a result, this moment condition is extremely informative when p = 1.

We also conduct a Monte Carlo study of the finite sample behaviour of various GMM estimators
for the inclusive panel AR(1) model. In the Monte Carlo study we will pay special attention to
the gain in precision and reduction in the rmse that will be achieved when p is close to or equal
to one by employing our preferred version of the Optimal Linear GMM estimator instead of other
GMM estimators which use a different weight matrix and/or use less moment conditions, such as
for instance the System estimator of Arellano and Bover (1995) and Blundell and Bond (1998).

The paper is organised as follows. Section 2 reviews GMM estimation of the covariance station-
ary panel AR(1) model. Section 3 introduces the Linear GMM estimator for the inclusive panel
AR(1) model. Section 4 examines the asymptotic properties of the Optimal Linear GMM estimator
and an iterative version of this estimator. Finally, section 5 compares the performance of various
GMM estimators for the inclusive panel AR(1) model by means of a Monte Carlo study. The proofs

are collected in the appendix.



2 The inclusive panel AR(1) model

Consider the panel AR(1) model with random effects:

Yit = PYit—1+ Vit, (1)

vig = Mi+é&i, wheren; = (1—p)u, (2)

fori=1,...,Nandt= S+1,...,T, where S < 1 is the common starting date of the N processes. We
assume that the number of ‘individuals’ in the panel, N, is large while the number of observations
per individual, T is fixed. Moreover —1 < p < 1.

The observations on y = (y.1 ... y. )" are i.i.d. across the N individuals.! The composite error

terms, the v; ¢, satisfy the following standard assumptions (cf Ahn and Schmidt, 1995, 1997):

E(ui) = 0and E(u?) = 0’3 < oo, fori=1,..,N, (3)
E(eir) = 0, E(eiyni) =0, fori=1,...,Nandt=5+1,..,T, 4)
E(eizyis) = 0, fori=1,..,Nandt=S5+1,..,T, (5)
and
E(eiseip) =0, fori=1,..,Nand s #¢, s,t =5+1,...,T. (6)

We also assume that the idiosyncratic errors, the ¢;;, are homoskedastic over time:
E(sﬁt) =02 <oo, fori=1,.,Nandt=S5+1,...,T. (7)

Finally, the initial conditions are given by y;5 = i + (1 — p)&.s, where Var(§,s) < oo, for
i =1,..., N. Note that when p = 1 the initial conditions are equal to the individual effects, the ;.

When |p| < 1, we assume that {y;;} is covariance stationary. Ahn and Schmidt (1997) have
shown that given assumptions (3)-(7), {yi} is covariance stationary if and only if the initial ob-

servations satisfy the following assumptions:

E(yix— i) = 0, B((yinx — pa)pi) = 0 and )
2
Var(yi1 — i) 1i—p27 for |p]<1landi=1,...,N. (9)

The first assumption, (8), is also known as mean-stationarity (cf Arellano and Bover, 1995, and

Blundell and Bond, 1998).



When p =1, we have y; 1 = MH‘Z;:S() gin—¢ for i = 1,..., N. It follows that in this case E(y; 1) =
E(y1;) as well. Therefore, when p =1, E(y;1) = 0 and 0% = Var(y;,) = E(y},) = 0f + (1 = S)o?.
In the asymptotic analysis we allow 1 — S and thereby 0% to be related to N. That is, in the unit

root case we assume that

E(yi1) =0 and O’% = E(yil) = 6%]\7% + O(N%), fori=1,...,N, (10)

where 77 is a constant and 0 < b < 1/2. The parameter b determines the relation between 0% and

N. If the {y;} actually began close to the date of the first observation and ¢% /52 is not very large
whereas N is large, then b is approximately zero; however, if the {y;;} began a long time before
t = 1 so that 03 /02 is large whereas N is not very large, then it is more reasonable to assume that
b is closer to 1/2.

We are now able to give a formal definition of the inclusive panel AR(1) model:

Definition 1 The inclusive panel AR(1) model with random effects is characterized by (1)-(2),
assumptions (3)-(7), and either assumptions (8) and (9) when |p| < 1, or assumption (10) when

p=1
If we restrict the parameter space to |p| < 1, we obtain the covariance stationary panel AR(1)
model with random effects.

2.1 Moment conditions for the covariance stationary panel AR(1) model

We will review all the moment conditions that are available for GMM estimation of the covariance
stationary panel AR(1) model with random effects.
Arellano and Bond (1991) have derived the following (7' —1)(T —2)/2 basic moment conditions

from assumptions (4)-(6):
E(yi—sAviy) =0for s=2,...,t —land t =3,...,T, (11)

where Av;p = v;p — v 4—1.
If mean-stationarity, (8), holds as well, we can add T'—2 moment conditions to the basic moment

conditions (see Arellano and Bover, 1995):

E(viiAy;s—1) =0for t =3,...,T. (12)



The estimator that exploits the moment conditions in both (11) and (12) is known as the System
(SYS) estimator.
Adding the assumption of homoskedasticity, (7), implies another T'— 2 moment conditions (see

Ahn and Schmidt, 1995):
E(yivtvi,t — yi,t—lvi,t—l) = 0 fOl“ t = 3, ceey T. (13)

Notice that all the above moment conditions are linear in p.
Finally, adding the “covariance stationarity assumption” (9) yields one more moment condition

(see Ahn and Schmidt, 1997): 2
E(yi (1= p)* +yi280i3(1 = p) /(1 + p) = vigvi2) = 0. (14)

Notice that this moment condition is nonlinear in p. Therefore, computing the value of the GMM
estimator of Ahn and Schmidt (1997) for the covariance stationary panel AR(1) model, which

exploits all the moment conditions in (11)-(14), requires numerical optimization.

3 An efficient linear GMM estimator for the covariance stationary

panel AR(1) model

We define the Linear GMM (LGMM) estimator for p in the covariance stationary panel AR(1)
model as the estimator that exploits the T(T' 4 1)/2 — 3 moment conditions specified in (11)-(13),
which are all linear in p, and a new moment condition, which is implied by covariance stationarity
of {yi.}:

E((p—1)(Ayi2)? — 2Ayi2Ayi3) = 0. (15)

Notice that this moment condition is also linear in p. Thus the LGMM estimator exploits (15)
instead of the nonlinear moment condition (14), but otherwise exploits the same moment conditions
as the Ahn-Schmidt estimator for p in the covariance stationary panel AR(1) model.

We have the following result:

Theorem 1 The two-step Optimal Linear GMM estimator and the two-step Optimal Ahn-Schmidt

GMM estimator for the covariance stationary panel AR (1) model are asymptotically equivalent.



It should be noted that there is no feasible one-step optimal weight matrix for the moment
conditions exploited by these estimators.

Clearly, the LGMM estimator is more easily calculated than the nonlinear GMM estimator due
to Ahn and Schmidt, and its properties are more easily investigated. For instance, under normality
it can easily be shown that (15) is not redundant relative to the moment conditions specified in (11)-
(13) when an optimal weight matrix is used. Using arguments similar to those in Ahn and Schmidt
(1995), it can also easily be shown that the Optimal LGMM (OLGMM) estimator attains the
semi-parametric efficiency lowerbound for the stationary panel AR(1) model with random effects.
Moreover, under normality, the OLGMM estimator is asymptotically equivalent to the Random
Effects MLE for p in the stationary panel AR(1) model and attains the Cramér-Rao lowerbound
when [p| < 1. We will see in section 4 that the LGMM estimator also exists for p = 1 unlike the
Random Effects MLE.

As a computationally simpler alternative to their nonlinear estimator, Ahn and Schmidt (1997)
proposed a linearized version of their estimator. The optimal version of this estimator is given
by poraservn = p— [Mn(p) Q' M (p)) " My (p)'Qptma(p), where p is an initial v/N-consistent
estimator for p, my(p) = N~ S°N  myi(p) is the vector of sample moment conditions, My (p) =
(dmn(p)/dp)|5 and Qny=N"! SN mui(p)mi(p). The OLGMM estimator and the OLASGMM

estimator are asymptotically equivalent when |p| < 1, but have different finite sample properties.

4 Asymptotic properties of the OLGMM estimator when p =1

We first note some properties of the moment conditions that are implied by the inclusive panel
AR(1) model when p = 1. Without loss of generality we assume that ' = 3. Then each of
(11)-(13) contains exactly one moment condition and the covariance stationary panel AR(1) model

implies a total of four moment conditions which depend only on p:

E(mg(p)) =0, k=1,...,4, where (16)

mi(p) = yi,1Av;3 = ¥i,1(Ays 3 — pAY;2),

ma(p) = (€3 + (1 — p)i) Ayi2 = (Yiz — pyi2) Ayi 2,

(0) =
(0) =
(0) =
(0) =

3

3(p) = yiz(eis + (1 —p)ps) —vi2(eio + (1 — p)pss) = ¥i3(Wi3 — pyi2) — Vi2(Yi2 — PYi1)s

ma(p) = (p — D(Ayi2)* — 28y 2Ay; 3.



Let m(p) = (m1(p), ma(p), ms(p), ma(p))’. The moment conditions in E(m(p)) = 0 are also valid
for p = 1. We have the following result on identification when p = 1 (cf Arellano and Bover, 1995):

Lemma 2 All the moment conditions that are exploited by the Linear GMM estimator identify the
unit root except for the moment conditions due to Arellano and Bond (1991) given in (11).

However, some elements of the vector E (d"(;gp ) ) are discontinuous at p = 1.

Lemma 3 Let {y;} satisfy the inclusive model. Then lim E(drg—f(f})) + E(drg—f()p)]p:l).

We will see below that the discontinuity of E(d”;[()p )) accounts for the discontinuity of the
asymptotic distributions of the OLGMM estimator and the System estimator at p = 1.

Let us now consider ps(p) = 2ma(p) + ma(p) = (1 — p)(yg2 - yz-Q,l). Since py(p) is a linear
combination of ma(p) and my(p), it must be true that E(ps(p)) = 0 for —1 < p < 1. Indeed, when
lp] <1, E(pa(p)) = 0 due to covariance stationarity of {y;;}. However, note that for p = 1, we not
only have E(ps(p)) = 0 but as a matter of fact ps(p) = 0, i.e. pa(p) = 0 holds deterministically at
p = 1. Moreover, E(dp4(p)/dplp =1) = —E(yz‘%g - yﬁllp = 1) = —0? # 0. Therefore, when p = 1,
an estimator that gives all weight to E(p4(p)) = 0 would be an optimal GMM estimator for p. The
value of such an estimator equals 1 with probability one. However, when |p| < 1, E(dp4(p)/dp) =0
and therefore a GMM estimator that only exploits E(p4(p)) = 0 would be inconsistent in this case.
Nevertheless, GMM estimators that combine E(p4(p)) = 0 with (some) other linearly independent
moment condition(s) contained in E(m(p)) = 0 are consistent for both |p| < 1 and p = 1. It
follows that one can construct a GMM estimator for p which is consistent for —1 < p < 1 and
has an arbitrarily small asymptotic variance when p = 1 by choosing the weight for E(p4(p)) = 0
sufficiently high relative to the weight given to other moment conditions. In particular, there exist
GMM estimators for p that have an asymptotic variance that is smaller than the Cramér-Rao
lowerbound for p = 1 (which is given in the proof of corollary 5). Such estimators are known as
superefficient estimators. We will see that the Iterated OLGMM estimator (cf Hansen et al., 1996)
is a superefficient estimator when p =1 and b =0, i.e. 0f = E(y},) = 77.

We now consider the asymptotic distribution of the OLGMM estimator when p = 1. We first
note that the set of moment conditions contained in E(m(p)) = 0 is equivalent to the set of moment
conditions contained in E(p(p)) = 0, where p(p) = [p1(p), p2(p), p3(p), pa(p)]" = [m1(p)/o1, ma(p),
ma(p) —mi(p), pa(p)]’. We have scaled my(p) by oy to guarantee that N=1/2 5N p,(1) converges



in distribution regardless of our assumption about o1, that is, about the value of b. We let p; denote
an initial N® consistent estimator for p which can be used to construct the asymptotically optimal
weight matrix for the LGMM estimator: N%(p; — 1) < K, with a > 1/2 and K # 0. Examples
of estimators that can be used as initial estimators for p are the System estimator and the First
Difference MLE for the inclusive panel AR(1) model. Note that b < a. Finally, we strengthen the

assumptions made in section 2 by including the following:

Additional Assumptions:

E(git) = kot < oo, fort=1,....,Nand t =2,..., T} (17)

Vil — Mi, M, €is and ;4 are jointly independent for i =1,...,N and s #¢, s,t =2,...,T. (18)

These additional assumptions are stronger than necessary but made for convenience.

Let F' = diag{1 11 K}. Then we have the following result:

Theorem 4 Let p = 1 and T = 3. Then N~V25"N (1) 4 A and N~ Zfildeiépl 4 B,
where A and B are given in lemmata 6 and 7, respectively. Ay = 0 and By = 0. Furthermore,
if b < 1/2, then By = —0?, while if b = 1/2, then By ~ N(—0?,4520?). Finally, if b < a, then
NY2He=b (5o ranm — 1) 4 (B "LV A)K, while if b= a = 1/2, then NY*(Porannr — 1) 4,
(BF-YWIP1B) "I F=V=LF=t A, where the values of the elements of V depend on the values
of a and b. There are three cases: b =0, 0 < b < a, and b = a. The values of the elements of V in

these cases are implicitly given in the proof of lemma 8.

Note that the asymptotic distribution of the OLGMM estimator depends on the asymptotic
distribution of py, i.e. on K, whatever the values of a and b.

When p =1 and b < a, the OLGMM estimator is superconsistent. In addition, we have the
following result for the Iterated OLGMM estimator:

Corollary 5 When p=1 and b = 0, the Iterated OLGMM estimator is superefficient.

When 0 < b < 1/2, the Iterated OLGMM estimator is not superefficient because in this case not
only the asymptotic variance of the Iterated OLGMM estimator tends to zero when the number of
iterations goes to infinity but also the Cramér-Rao lowerbound tends to zero since limpy o0 £ (yf )=

oo when b > 0.



When p =1 and b < a, it follows from lemma 8, which is given in the appendix, and the fact that
limp— 0o N?~% = 0 that plimpy_ee N1 Zf\;l Pr,i(P1)pai(p1) =0for k=1,2,3,4. 3 This implies that
asymptotically the so-called optimal weight matrix for E(p(p)) = 0, i.e. [IN"LSN  pi(p1)ps(51)] 7L,
gives in principle all weight to E(ps(p)) = 0 when p = 1 and b < a. Hence N2(-a)[N—1 3N ap; p)] X
NN pi(p)pe(pL) 1 INTE SN )] S 24K 2 with € = —0? when b < 1/2, and C = By
when b = 1/2. However, since py;(1) = 0 and hence Ay = 0, the first three elements of A

still enter the asymptotic distribution of the OLGMM estimator when b < a, that is
NN N O IN=E SN (B)ps(51) )TN TY2 N pi(1)] S OV AR

When p = 1 and b = a = 1/2, the weight matrix [N~ SN p;(51)pi(51)/] 7 is no longer
asymptotically optimal because it also gives weight to moment conditions other than E(p4(p)) = 0.
This is a consequence of the fact that it makes use of an initial estimator of p, i.e. pi, rather than
its true value.*

The results stated in lemma 8 in the appendix as well as the results discussed above, notably
theorem 4 and corollary 5, can be generalized to allow for arbitrary value of 7. When T" > 3 the
moment conditions in E(p(p)) = 0 and in particular E(ps(p)) = 0 are still valid. However, there
are T(T +1)/2 — 6 additional moment conditions which resemble E(p;(p)) = 0, E(p2(p)) = 0, and
E(ps(p)) = 0 but are different with respect to their timing. Therefore when T' > 3 the results will
be qualititively the same as the aforementioned results for 7" = 3.

Finally, when p = 1 the two-step Optimal Linear GMM estimator and the two-step Optimal
Ahn-Schmidt GMM estimator are no longer asymptotically equivalent. A proof for this assertion
can be found at the end of the appendix. It turns out that adding (p—1) times a linear combination
of p1, po and p3 to pg while keeping the other moment conditions will in general lead to a different
non-normal asymptotic distribution of the resulting GMM estimator although doing so will not
affect its rate of convergence. In particular, when p = 1 and b = 0, the Iterated Optimal Ahn-

Schmidt GMM estimator is also superefficient.



5 Monte Carlo results

In a Monte Carlo study we have compared the finite sample properties of the following GMM
estimators: the 2-step optimal System estimator (SYS2), two 2-step optimal LGMM estimators
(LGMM2a/b), an optimal version of the Linearized GMM estimator due to Ahn and Schmidt
(LASGMM?2), an iterative 5-step optimal LGMM estimator (LGMM5b), and an iterative 10-step
optimal LGMM estimator (LGMM10b).

The SYS2 estimator uses the inverse of the sample covariance of the vector of moment conditions
evaluated at a first-step System estimate of p (SYS1) as weight matrix in the second step, where
the SYS1 estimator uses a weight matrix that would be asymptotically optimal if aﬁ =0.

The full set of linear moment conditions for the inclusive model can be written as E(Z/v;(p)) = 0,
where U;(p) = ((Av;) V) [(p — 1)(Ayiz2)? — 2Ay; 2Ay; 3])" with Avi(p) = (Aviz ... Av,r) and
vi(p) = (vi2 ... vir), and where Z; is a matrix which contains the ‘instruments’ for the elements of
!(p).% It follows that there exists no feasible 1-step optimal weight matrix for the LGMM estimator
even when O'i = 0. However, one could use the LGMM estimator (LGMM1) which uses the weight
matrix (N"1S°N  7/7,)71, as a first-step estimator. The LGMM2a and LGMM2b estimators
use [N~1 Zfil Z(p1)0l(p1) Z:) ™! as weight matrix in the second step with py = praaan and
pP1 = psysi, respectively. The LASGMM2 estimator uses psy g1 as the initial consistent estimator
everywhere in its formula, that is both in the linear approximation and in the optimal weight
matrix. Finally, the iterative estimators, LGMMbb and LGMM10b, continue from the LGMM?2b
estimator and are obtained by re-estimating the weight matrix using p from the previous iteration.
To avoid numerical problems when computing the inverses of the weight matrices used by the
iterative estimators, which might occur when the value of p is close to one, our computer program
used moment conditions like E(p(p)) = 0 rather than E(m(p)) = 0. In addition, the factor p — 1
in pa;(p) was taken out and the remainder, i.e. 92‘2,2 — y,zl, was scaled by its standard error before
computing the inverses of the weight matrices. If |p — 1| < 0.0001, the program put p = 0.9999.

We have generated artificial data from an inclusive model with 02 = 03 = 1 for several values of
p between 0 and 1 whilst assuming normality of the data. For the unit root case we have generated
two sets of results: for one set the initial observations were drawn from the N(0,1) distribution

and for the other set they were drawn from N(0,50). The first set corresponds to the case ‘b ~ (0’

while the second set corresponds to the case ‘b ~ 1/2’. The panels have dimensions N = 100 or



500 and T'= 4 or 7. The number of replications was 5000.

The Monte Carlo results are presented in table 1. We first discuss the results for the 2-step
estimators and p < 1. They indicate that the LGMM2b estimator displays better finite sample
properties than the SYS2 estimator and also performs better than the LGMM?2a estimator, espe-
cially when N = 100, T'= 7 and p is close to one. However, when 7' =7 and p is close to one, the
SYS2 estimator outperforms the LGMM?2a estimator despite the fact that the latter exploits more
moment conditions. The rmse of the LGMM2b estimator is up to 30% lower than the rmse of the
SYS2 estimator when 0.9 < p < 1. Finally, when 7" = 4 or when 7" = 7 and N = 500 the rmse
(and in most cases also the bias) of the LASGMM?2 estimator is larger than that of the LGMM2b
estimator and in many cases, notably when p < 0.9, the rmse of the LASGMM?2 estimator is also
larger than the rmse of the SYS2 estimator.

We now turn to the Monte Carlo results for the unit root case and for the iterative LGMMS5b
and LGMM10b estimators. Table 1 shows that when p = 1 the LGMM2b estimator still has better
finite sample properties than the LGMM2a and SYS2 estimators. Furthermore, the bias and the
rmse of the LGMM estimators are larger when the variance of the initial observations is larger.
The latter finding does not hold for the LASGMM2 estimator.

The superefficiency of the Iterated LGMM estimator when b = 0 can clearly be seen in the rows
corresponding to p = 1.00*. When N = 500, all the 5000 LGMM10b estimates lied in fact between
0.9997 and 1.0002. On the other hand when p < 1 or when p = 1 with b ~ 1/2 (p = 1.00), the
rmse of the iterated LGMM estimators are higher than the rmse of the LGMM2b estimator. In
particular, when the number of iterations increases, the rmse of the iterated estimator increases
and so does its mean when T'= 4 or when T'= 7 and N = 500. As a consequence the bias of the
iterated estimator also increases unless p is close to one.

Finally the results in table 1 suggest that the rmse’s of the SYS2 and the LGMM estimators
are discontinuous at p = 1. These discontinuities are partly related to the fact that some of the
elements of E(M;pﬁl) are discontinuous at p = 1 (cf lemma 3). As a result, we have for instance
lim,1 Asyvar(psys2) = 4 x Asyvar(psysz|lp = 1, b = 0) = 8/[(T" — 1)(T — 2)]. Moreover, when
|p| <1 the optimal LGMM estimators are v/ N-consistent and asymptotically normally distributed
whereas when p = 1 they have a non-normal asymptotic distribution and are in fact superconsistent

if b <a.
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T/N | p SYS2 LGMM2a LASGMM2 LGMM2b LGMMS5b LGMM10b
bias | rmse | bias | rmse | bias | rmse | bias | rmse bias rmse bias rmse
4/ 0.00 0.014 | 0.101 | 0.008 | 0.101 | 0.033 | 0.144 | 0.010 | 0.099 | 0.0084 | 0.1036 | 0.0089 | 0.1061
100 | 0.30 0.009 | 0.114 | 0.014 | 0.118 | 0.007 | 0.139 | 0.015 | 0.114 | 0.0210 | 0.1276 | 0.0245 | 0.1381
0.50 0.001 | 0.118 | 0.018 | 0.126 | -0.006 | 0.135 | 0.016 | 0.120 | 0.0315 | 0.1441 | 0.0404 | 0.1624
0.80 |-0.013 | 0.126 | 0.026 | 0.129 | -0.022 | 0.132 | 0.006 | 0.113 | 0.0318 | 0.1327 | 0.0441 | 0.1449
0.90 |-0.023 | 0.135 | 0.009 | 0.120 | -0.024 | 0.129 | -0.002 | 0.109 | 0.0159 | 0.1161 | 0.0241 | 0.1230
0.95 |-0.026 | 0.147 | 0.003 | 0.120 | -0.025 | 0.134 | -0.009 | 0.109 | 0.0039 | 0.1139 | 0.0097 | 0.1206
0.98 |-0.031 | 0.156 | -0.007 | 0.117 | -0.017 | 0.129 | -0.013 | 0.111 | -0.0058 | 0.1250 | -0.0030 | 0.1444
0.99 |-0.027 | 0.157 | -0.010 | 0.114 | -0.018 | 0.124 | -0.012 | 0.103 | -0.0077 | 0.1227 | -0.0078 | 0.1544
1.00* | 0.004 | 0.060 | -0.003 | 0.025 | -0.002 | 0.048 | 0.000 | 0.013 | -0.0001 | 0.0012 | 0.0000 | 0.0007
1.00" | -0.008 | 0.098 | -0.008 | 0.090 | -0.009 | 0.085 | -0.006 | 0.077 | -0.0048 | 0.0960 | -0.0036 | 0.1176
4/ 0.00 0.002 | 0.043 | 0.001 | 0.041 | 0.007 | 0.072 | 0.001 | 0.040 | 0.0010 | 0.0400 | 0.0010 | 0.0400
500 | 0.30 0.002 | 0.050 | 0.003 | 0.046 | 0.003 | 0.071 | 0.003 | 0.046 | 0.0027 | 0.0459 | 0.0027 | 0.0459
0.50 0.000 | 0.052 | 0.005 | 0.049 | -0.006 | 0.067 | 0.004 | 0.049 | 0.0047 | 0.0500 | 0.0048 | 0.0501
0.80 | -0.003 | 0.053 | 0.012 | 0.057 | -0.009 | 0.062 | 0.008 | 0.054 | 0.0167 | 0.0639 | 0.0211 | 0.0722
0.90 | -0.004 | 0.055 | 0.015 | 0.058 | -0.010 | 0.060 | 0.008 | 0.052 | 0.0204 | 0.0609 | 0.0259 | 0.0665
0.95 | -0.003 | 0.057 | 0.010 | 0.052 | -0.010 | 0.063 | 0.004 | 0.049 | 0.0131 | 0.0513 | 0.0147 | 0.0530
0.98 | -0.007 | 0.064 | 0.004 | 0.050 | -0.008 | 0.064 | -0.001 | 0.049 [ 0.0037 | 0.0492 | 0.0060 | 0.0509
0.99 |-0.012 | 0.076 | 0.000 | 0.052 | -0.007 | 0.069 | -0.004 | 0.051 [ 0.0002 | 0.0511 | 0.0019 | 0.0549
1.00* | 0.002 | 0.026 | 0.000 | 0.004 | 0.000 | 0.021 | 0.000 | 0.002 | -0.0001 | 0.0001 | 0.0000 | 0.0000
1.00" | 0.001 | 0.028 | -0.001 | 0.027 | -0.001 | 0.024 | -0.001 | 0.022 | -0.0010 | 0.0241 | -0.0009 | 0.0246
7/ 0.00 0.016 | 0.061 | -0.001 | 0.065 | 0.059 | 0.103 | 0.018 | 0.064 | 0.0035 | 0.0681 | 0.0020 | 0.0695
100 | 0.30 0.013 | 0.065 | -0.002 | 0.070 | 0.038 | 0.086 | 0.013 | 0.064 | 0.0053 | 0.0721 | 0.0044 | 0.0743
0.50 0.009 | 0.066 | -0.004 | 0.072 | 0.020 | 0.073 | 0.011 | 0.064 | 0.0083 | 0.0740 | 0.0084 | 0.0775
0.80 | -0.002 | 0.062 | -0.009 | 0.079 | -0.004 | 0.060 | 0.005 | 0.058 | 0.0129 | 0.0764 | 0.0191 | 0.0884
0.90 | -0.008 | 0.062 | -0.015 | 0.080 | -0.009 | 0.055 | 0.000 | 0.055 [ 0.0077 | 0.0697 | 0.0128 | 0.0784
0.95 | -0.010 | 0.063 | -0.023 | 0.080 | -0.009 | 0.051 | -0.006 | 0.051 | -0.0030 | 0.0627 | -0.0010 | 0.0721
0.98 | -0.011 | 0.062 | -0.026 | 0.077 | -0.008 | 0.044 | -0.007 | 0.048 | -0.0066 | 0.0642 | -0.0072 | 0.0822
0.99 | -0.007 | 0.055 | -0.026 | 0.071 | -0.005 | 0.035 | -0.006 | 0.041 | -0.0061 | 0.0621 | -0.0082 | 0.0882
1.00* | 0.002 | 0.028 | -0.007 | 0.020 | -0.001 | 0.023 | -0.001 | 0.011 | -0.0001 | 0.0017 | 0.0000 | 0.0006
1.007 | -0.001 | 0.034 | -0.016 | 0.052 | -0.002 | 0.022 | -0.002 | 0.028 | -0.0029 | 0.0405 | -0.0042 | 0.0561
7/ 0.00 0.001 | 0.023 | 0.000 | 0.024 | 0.016 | 0.044 | 0.001 | 0.023 | 0.0006 | 0.0233 | 0.0006 | 0.0233
500 | 0.30 0.001 | 0.026 | 0.000 | 0.025 | 0.010 | 0.041 | 0.001 | 0.025 | 0.0010 | 0.0253 | 0.0010 | 0.0253
0.50 0.001 | 0.027 | 0.000 | 0.025 | 0.004 | 0.037 | 0.001 | 0.025 | 0.0012 | 0.0256 | 0.0012 | 0.0256
0.80 0.000 | 0.026 | 0.002 | 0.027 | -0.003 | 0.030 | 0.003 | 0.025 | 0.0039 | 0.0264 | 0.0041 | 0.0270
0.90 |-0.002 | 0.026 | 0.004 | 0.031 | -0.004 | 0.027 | 0.003 | 0.025 [ 0.0067 | 0.0302 | 0.0090 | 0.0344
0.95 | -0.002 | 0.025 | 0.005 | 0.031 | -0.004 | 0.025 | 0.002 | 0.024 | 0.0070 | 0.0283 | 0.0100 | 0.0314
0.98 |-0.002 | 0.027 | 0.001 | 0.030 | -0.003 | 0.025 | -0.001 | 0.023 | 0.0016 | 0.0249 | 0.0032 | 0.0266
0.99 | -0.003 | 0.029 | -0.003 | 0.031 | -0.003 | 0.024 | -0.001 | 0.022 | 0.0005 | 0.0254 | 0.0017 | 0.0291
1.00* | 0.000 | 0.012 | -0.001 | 0.003 | 0.000 | 0.010 | 0.000 | 0.001 | -0.0001 | 0.0001 | 0.0000 | 0.0000
1.00" | 0.000 | 0.012 | -0.001 | 0.013 | 0.000 | 0.009 | 0.000 | 0.008 | -0.0003 | 0.0106 | -0.0001 | 0.0112

Table 1: 02 = 02 = 1, 5000 replications; *:y;1 ~ N(0,1); t:951 ~ N(0,50).
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A Appendix

Proof of theorem 1: Both the OLGMM estimator and the Optimal Ahn-Schmidt GMM estimator
are defined for 7" > 3. For any value of 7" > 3, the only difference between these estimators is that the
OLGMM estimator exploits the linear moment condition in (15) instead of the nonlinear moment
condition in (14). Therefore, in order to prove that these estimators are asymptotically equivalent,
it is sufficient to show for T" = 3 that the set of moment conditions exploited by the OLGMM
estimator can be obtained by using a one-to-one transformation of the set of moment conditions
exploited by the optimal Ahn-Schmidt estimator.

When T = 3, the OLGMM estimator exploits E(m(p)) = 0, where mg(p), k = 1,2,3,4, are
defined in (16). Let us define y? = [3/221 Yi1Yi2 Yil¥i3 y2-2,2 Yi,2Yi3 ygg]’. Then there exists a (4 x6)
matrix G such that m(p) = Gy?. Note that G depends on p and that rank(G) = 4 unless p = 1.

Let S5 be a (3 x 4) selection matrix with [S3];; =1, ¢ =1,...,3, and zeros elsewhere. S selects
the first three rows of a matrix with four rows. When T = 3, the Ahn-Schmidt estimator exploits
E(S3Gy?) = 0 and in addition the moment condition in (14) which can be written as E(hy?) = 0,
where h = [p3 —p? —p+1 —p3=2p2+p p>+p 20°+p—1 —2p 0]. Thus when T = 3 the
Ahn-Schmidt estimator exploits E(Hy?) = 0, where H' = [G'S} I].

Let K" =[Sy k|, wherek = [ p(p—1) —2(1+p) 0 -1 |. Itiseasily verified that rank(K) =
4, h = kG, and thus E(Hy?) = K E(Gy?), which completes the proof. [

Proof of lemma 2: The result follows immediately from the fact that all these moment conditions

in m(p) are linear in p and E(uﬂ(}pﬁl\p:l) =[0 —0? —0? o? ]I. O

Proof of lemma 3: E(%ﬁlbzﬁ =[]0 —0? —0* o? ]/ while under stationarity E(—ldm(p ) =

dp
/
[fpﬁ ~Tp0 O %p‘ﬁ} . Hence limpy E(52) # E(45|, ). O

Lemma 6 Let p=1. Then

Proof of lemma 6: trivial.
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Lemma 7 Let p=1. Then

ifb<1/2: |ifb=1/2:
N2 dpra(p)/dp < | N(0,0%) | N(0,0?)
N YN dpi(p)/dp 2 | —o? —0? + N(0,5302)
NN dpsi(p) fdp S | o —0? + N(0,530%)
NS dpaip)/dp = | —o? —o? 4 N(0,47%02)

Proof of lemma 7: When p = 1, we have

dp1i(p)/dp = —yi1 Ayi2 /01 = —yii€i2/01, (19)
dp2,i(p)/dp = —yi2Dyi2 = —€7 9 — Yi1€i2,

dps,i(p)/dp = —yi3Yi2 + Vi2Yi1 + Vi1 Ayi2 = —Yi1€i3 — €9 — €i2€i3,

dpai(p)/dp = —(yis — Y1) = —cip — 2y 184 2.

From this and 0% = E(y?,) = 73N? 4+ 0(N?) with 0 < b < 1/2 the lemma follows immediately. O

2,

Lemma 8 Let p = 1. Furthermore, let Fy = diag{1 1 1 N*7%} and p;(p) = F| 'pi(p). Then
NI iU (p) <y = FVF, where F' = diag{1 1 1 K} and where the values of the
elements of V depend on the values of a and b. There are three cases: b=10, 0 < b < a, and b = a.
In all three cases V is positive definite symmetric. When b = a, V is a random matriz, whereas

when b < a, V is a constant matriz.

Proof of lemma 8: Recall that a > 1/2 and 0% = 52 N?® + o(N?) with 0 < b < 1/2. Thus b < a.

Linearity of the moment conditions implies that py;(p1) = pri(1) + (1 — )dpri(p)/dp, k =
1,2,3,4. From this we obtain expressions for py;(p1), k = 1,2, 3,4, when p = 1 by substituting the
formulae for py;(1) and dpy.;(p)/dp, k = 1,2,3,4, which are given in lemma 6 and (19), respectively:

pi(p1) = Yi1leiz/o1+N"°N%p1 — 1)(—yi1€i2) /01, (20)

p2i(P1) = eiggiz+ NTONY(p1 — 1)(@1 + o(1)(—yi1ci2 — €i0)/01,

p3i(P1) = (ciggis— iz +ei3) + NUTON (D1 — 1)(@1 + o(1))(—yin€i3 — €72 — €i26i3) /01,
N*pyi(p1) = N%pr—1)@1+ o(1))(—€7o — 2yinci2) /o1

13



The expressions in (20) in turn enable us to establish that N=1SN 5,(5)p(p1) =
NN L (50)pi(p1) F < Yy when p = 1, where the values of the elements of Vy depend
on the values of @ and b :

202 0 0 25102
o

0 4 ot 0

if b= 0, then Vy =

0 ot (2k —1)0* (k —1)o*K ’
2610°K 0 (k—1)0*K (ko* + 45302)K?
202 0 0 2510°K
: 0 ot ot 0 :
if 0 <b<a,then Vo = 0 ot (26— 1)ot 0 , while
26102 0 0 45202 K?
202 710K —710%K 25102K
— 2 4 | =2 242 4 =2 52§ 2
—_— _ c10°K 0% +010°K o 2o10°K
if6=a, then Vp = —7102K ot (26 — 1)ot +T202K? 0
20102K  20302K? 0 473022

Note that in all three cases the matrix Vy can be factorized as FVF where F' = diag{1 11 K}
and where the values of the elements of }V depend on the values of a and b. Furthermore, in all

three cases V is positive definite symmetric:

Leading principal minors of V:

ifb=0: if0<b<a: ifb=a:
dim
4 202 (k — 1)((k + 1)0? + 47%) 80?53 (k — 1) | 855 (k — 1)
3 ol (k — 1) (c%(k + 1) + 87%) 801053 (k — 1) | 40803 (2(k — 1)0? +T2K3)
2 oS (K2 + Kk —1)o? + 425 — 1)772) | 4055226 — 1) | 40*53((2k — 1)0? + T2K3)
1 kot 4 4026% 4026% 4026%

Finally note that when b = a, V is a random matrix, whereas when b < a, V is a constant

matrix. [

Proof of theorem 4: Lemma 6 implies that N—1/2 Zfil pi(1) < A with Ag = 0, while lemma
7 implies that N~13 N, d’g'—[()p”p:l 2 B with By = —02if b < 1/2, and By ~ N(—0? 4520?) if
b = 1/2. Moreover, By = 0. Finally, when p = 1, lemma 8 implies that N1 Zﬁlﬁ(ﬁl)ﬁz(ﬁl) 4,
Vo = FVF, where p;(p) = F; 'pi(p) with Fy = diag{1 1 1 N*=®}. We can now easily verify the

following results:
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When b < a:
—a - i — -~ ~\— — i d _

N[Nty O N-LS N i (p)pi(pr)) TN TN Gal)) S gy,

)t ar— i _ ~ N 1T AT— d ) _
NNy P IN-US N ()i ()] N V2N pi(1)] S (B AK L

Whenb=a=1/2:

_ ; _ ~ ~N— _ ; d y9—] e
IN-EYN ) Nt SN (1 )pa(py) )TN, )] S gty ipoip,
INTEN D INE SN i (p)pa(1) )T N2 SN pi(1)] S BETIYVTIELA

From the above results, the claims in the theorem follow straightforwardly. O

Proof of corollary 5: When p = 1 the asymptotic variance of the Iterated OLGMM estimator
decreases after each iteration because N'/2t@ > N@ Therefore the asymptotic variance of the
Iterated OLGMM estimator tends to zero when the number of iterations tends to infinity. We
need to compare this asymptotic variance with the Cramér-Rao (CR) lowerbound for p = 1. We
derive the CR lowerbound for p = 1 from the likelihood function corresponding to the model
Yig = PYit—1+€it, i =1,.,N, t =2, T, where y; 1 ~ i.i.d. N(0,07) with 07 = TN + o(N?),
and €;¢|yi1 ~ i.i.d. N (0702). The CR lowerbound can be derived from this likelihood function
because the corresponding model is nested within any other panel AR model that reduces to the
inclusive panel AR(1) model for p = 1. It is easily verified that the CR lowerbound for p = 1 is
given by OR = limy_.o 20%/[(T — 1)((T — 2)0? + 20?)]. Clearly CR > 0 when b= 0. O

Non-equivalence of the OLGMM estimator and the Optimal Ahn-Schmidt GMM es-

timator for the inclusive panel AR(1) model when p=1:

Let E(ms(p)) = 0 denote the nonlinear moment condition in (14) and let ps(p) = —(1+ p)(p2(p) +
ms(p)). Then it is easily verified that p5(1) = 0, ps(p) = —p(p—1)o1p1(p) + (p—1)p2(p) +pa(p) and
Nbps(p1) = —p1N(p1—1)(@1+0(1))p1(p1) +N*(pr—1) N *p2(p1)+N*"ps(p1) when p = 1. The
last expression can be used to derive the asymptotic distribution of the elements of the ‘optimal’
weight matrix corresponding to E(ps(p)) = 0. Moreover, when p =1, N~ 3% dps.i(p)/dp| p=p, 4,
—0? ifb<1/2, while N-13 N, dps.i(p)/dplp=p, <, —0?+N(0,2620%) if b = 1/2. Therefore, if in
E(p(p)) = 0, we replace E(p4(p)) = 0 by E(ps(p)) = 0, then we will obtain a different optimal weight
matrix for E(p(p)) =0, and if b = 1/2, N1 3N, dp;i(p)/dp|,=p, will have a different asymptotic
distribution. As a result, when p = 1, the optimal GMM estimator exploiting E(p(p)) = 0 with
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E(pa(p)) = 0 replaced by E(ps(p)) = 0 will have a different non-normal asymptotic distribution

than the OLGMM estimator but the same rate of convergence. [

Notes

. We assume identical distributions across the individuals for convenience.

. Covariance stationarity of {y;} also implies restrictions on first moments: E(Ay;;) = 0,

t =2,...,T. However, they do not contain any information on p.

. Note however that E(p4(p)) = 0is notredundant (otherwise E(p4(p)) = 0 should be dropped).

On the contrary, ps(p) = 0 holds deterministically at p = 1 and only at p = 1 (so that
Var(ps(1)) = 0). Therefore E(ps(p)) = 0 is extremely informative when p = 1 and should

receive maximal weight rather than zero weight when p = 1.

. The weight matrix [N 1 Zf;l pi(1)p;(1)'] 7! would still be asymptotically optimal for p = 1

when b = a = 1/2. However, an estimator for p that uses this weight matrix would be

inconsistent if |p| < 1.

. The first two estimators are identical to the GMM estimators for models 2 and 3 in Bond and

Windmeijer (2002). That paper presents Monte Carlo simulation results on the finite sample

properties of these estimators for the covariance stationary model with 02 = (1 — p)zaz =1

. The ‘instruments’ corresponding to the two errors in a typical moment condition in (13), i.e.

v and v; 41, are y; ; and —y; ;1 respectively and the instrument corresponding to (15) is 1.

References

[1]

Ahn, S.C. & P. Schmidt (1995) Efficient estimation of models for dynamic panel data. Journal
of Econometrics 68, 5-28.

Ahn, S.C. & P. Schmidt (1997) Efficient estimation of dynamic panel data models: alternative

assumptions and simplified estimation. Journal of Econometrics 76, 309-321.

Arellano, M. & S. Bond (1991) Some tests of specification for panel data: Monte Carlo evidence

and an application to employment equations. Review of Economic Studies 58, 277-297.

16



Arellano, M. & O. Bover (1995) Another look at the instrumental variable estimation of error-

components models. Journal of Econometrics 68, 29-51.

Blundell, R.W. & S. Bond (1998) Initial conditions and moment restrictions in dynamic panel

data models. Journal of Econometrics 87, 115-143.

Bond, S. & F. Windmeijer (2002) Projection estimators for autoregressive panel data models.

Econometrics Journal 5.

Hansen, L.P., J. Heaton & A. Yaron (1996) Finite-sample properties of some alternative GMM

estimators. Journal of Business & Economic Statistics 14, 262-280.

17



