
Mathematical Statistics

1 Introduction

Wald decomposed the problem of statistical inference in three aspects: the

statistical model (X ,A,P), the decision space D, and the loss function L. The

statistical model is defined by the space of observations X , a corresponding

σ-algebra A, and a family P of probability laws over (X ,A). In particular,

a parametric model assumes P =
{
Pθ
∣
∣ θ ∈ Θ ⊆ R

k
}
whereas a nonparametric

model cannot be indexed by any subset of R
k for k <∞.

There are two types of decision rules: pure and randomized. The former is

just a function δ(x) mapping X into D. The latter associates a probability law

over D to possible decisions given the observation x ∈ X . Therefore, for each

possible value of x ∈ X , there is a probability law P xδ over (D,AD). Note that

if P xδ is degenerated, then it is equivalent to work with a pure decision rule.

Finally, the loss function LP (d) maps (D,P) into R+, and its expectation is

known as the risk function RδP . For pure decision rules, RδP =
∫

X LP [δ(x)]dP (x).

For randomized decision rules, RδP =
∫

X ,D LP (d)dP
x
δ (d)dP (x).

Definition 1. A decision rule δ1 is uniformly better than another decision rule

δ2 if the risk associated with δ1 is at most equal to the risk of adopting δ2, that

is, Rδ1P ≤ Rδ2P . Notation: δ1 º δ2 or P xδ1 º P xδ2 .

Definition 2. A decision rule δ∗ is uniformly optimal in the class of decisions

∆ if δ∗ º δ for every δ ∈ ∆.

In general, º is a partial pre-order, so that there is no optimal decision rule

δ∗. Under this circumstance, it is natural to restrict ourselves to the following

two definitions or to follow a Bayesian approach by imposing a prior over P.
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Definition 3. δ∗ is minimax in ∆ if it belongs to ∆ and

max
P∈P

Rδ∗P ≤ max
P∈P

RδP

for every δ ∈ ∆.

Definition 4. δ∗ is uniformly most powerful in a sub-class of ∆ induced by some

statistical principle, e.g. unbiasedness, equivariance, invariance, and Neyman’s

principle.

Example 1. Consider a point estimation problem where the model at hand

is represented by (X ,A,P). Then there is a functional g such that P ∈ P is

transformed into g(P ). Denote by ĝ(X) the random variable which estimates the

functional, i.e. the estimator, and let ĝ(x) denote the corresponding estimate.

In the parametric case, for the sake of simplicity, we use the notation g(θ)

instead of g
(
Pθ
)
. The decision space D consists in g(P). Accordingly, in the

parametric case, we write D = g(Θ). Finally, the most common lost functions

used for estimation purposes are the quadratic L2(d, P ) = [d − g(P )]2 and the

absolute value L∞(d, P ) = |d− g(P )|.

Example 2. Consider a hypothesis testing problem where the statistical model

is given by (X ,A,P), where the probability family has a partition of the form

P = H0 ⊕ H1. Accordingly, the decision space is also decomposed in two

components D = {d0, d1}, where d0 and d1 indicate “acceptance”and rejection

of the null hypothesis H0, respectively. The loss function can be based in a pure

or randomized rule. Typically, a pure decision consists in

L(d0, P ) =

{
0 if P ∈ H0

a0 if P ∈ H1
and L(d1, P ) =

{
a1 if P ∈ H0

0 if P ∈ H1,

where a0 and a1 are positive constants standing for the error of type I and II,

respectively. On the other hand, randomized decisions depend on a measurable

application φ(X) on (X ,A). For instance, this dependence is clear at the risk

function level

RφP =

{
a1EH0

[φ(x)] if P ∈ H0,
a0EH1

[1− φ(x)] if P ∈ H1.
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Of course, the aim is at minimizing the risk RφP for every P ∈ P. Note that the

constants a0 and a1 do not interfere in this minimization problem, so that we

can take a0 = a1 = 1 without any loss of generality.

2 Sufficiency

2.1 Dominated families

Definition 1. A measure µ is σ-finite if there are sets A1, A2, . . . belonging to

A such that
⋃∞
i=1Ai = X and µ(Ai) <∞.

Definition 2. The measure υ is absolute continuous to (or dominated by) the

σ-finite measure µ, i.e. υ ¿ µ, if υ(A) = 0, ∀A ∈ A such that µ(A) = 0.

Radon-Nikodyn’s Theorem. υ ¿ µ if and only if there exists a function f

which maps (X ,A) into (R+,B ∩ R+) such that υ(A) =
∫

A
dυ =

∫

A
fdµ. The

function f is called the Radon-Nikodyn derivative of υ with respect to µ and it

is essentially unique, that is, if there are f1 and f2 such that υ(A) =
∫

A
f1dµ =

∫

A
f2dµ, then f1 = f2 µ-almost everywhere.

The set of all Radon-Nikodyn derivatives is denoted by dυ
dµ

. Note that if υ is

a probability measure, then f ∈ dυ
dµ

is the probability density of υ with respect

to µ.

Properties. Consider P ¿ Q ¿ R. If f ∈ dP
dQ

and g ∈ dQ
dR

, then fg =

dP
dQ

dQ
dR
∈ dP

dR
. Accordingly, if f ∈ dP

dR
and g ∈ dQ

dR
, then f/g = dP

dR

/dQ
dR
∈ dP

dQ
.

Definitions. The family P is dominated by the σ-finite measure µ, i.e. P ¿ µ,

if P ¿ µ, for every P ∈ P. The family P is dominated if there exists a σ-finite

measure µ such that P ¿ µ.

Halmos-Savage’s Lemma. P is a dominated family of probability measures

if and only if there exists a countable subset {P1, P2, . . .} ⊆ P and a sequence

of nonnegative real numbers {ci}∞i=1 such that
∑∞
i=1 ci = 1 and P is dominated

by the privileged measure P∗ ≡
∑∞
i=1 ciPi.
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2.2 Conditional expectation and probability

Definitions. A statistic T is a function that maps (X ,A) into (T ,BT ). The

σ-algebra generated by T is AT = T−1 (BT ) ⊆ A. The probability measure

induced by T over (T ,BT ) is defined by P T (B) = P
(
T−1(B)

)
, ∀B ∈ BT .

Accordingly, the model induced by T for (X ,A,P) consists in
(
T ,BT ,PT

)
.

Transfer Theorem. A function g : (X ,A) → (R,B) is T -measurable if there

exists a function h : (T ,BT ) → (R,B) such that g(x) = h(T (x)), that is,

g = h ◦ T . In case g is P -integrable, then

∫

B

h(t)dP T (t) =

∫

T−1(B)

h(T (x))dP (x),

for all B ∈ BT . Note that taking the integration over the whole space T implies

that

EPT [h(T )] =

∫

T
h(t)dP T (t) =

∫

X
h(T (x))dP (x) = EP [h(T (X))].

Conditional Expectations. Consider the statistic T and a nonnegative P -

measurable function g mapping (X ,A) into (R,B). If the measure υ such that

υ(B) =
∫

T−1(B)
g(x)dP (x) is absolute continuous to P T , then the Radon-

Nikodyn derivative dυ/dP T is T -measurable, denoted by EP [g(X) |T ], and

maps T into R such that

υ(B) =

∫

T−1(B)

g(x)dP (x) =

∫

B

EP [g(X) |T = t]dP T (t) =

∫

B

dυ

dPT
(t)dPT (t).

In other words, the conditional expectation is a Radon-Nikodyn derivative.

Properties.

(1) Law of Iterated Expectations. Taking B = T yields

EP [g(X)] =

∫

X
g(x)dP (x) =

∫

T
EP [g(X)|T = t]dP T (t) = EPT (EP [g(X)|T ]) ,

(2) Linearity. EP [
∑

k akgk(X) |T ] =∑k akEP [gk(X) |T ],

(3) T-measurability. EP [h(T )g(X) |T ] = h(T )EP [g(X) |T ].

Conditional Probabilities. For A ∈ A, the conditional probability of A given

T is given by P (A |T ) ≡ EP [IA(X) |T ] which maps (T ,BT ) into (R,B). Ac-
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cordingly, the unconditional distribution is given by P (A) =
∫

X IA(x)dP (x) =

EP [IA(X)].

Actually, P (· |T = t) : A → [0, 1] does not have, in general, all the prop-

erties of a probability measure (induced by T = t). However, if (X ,A) is

a metric space complete, separable, equipped with a Borel σ-field, and BT

admits a countable generating subset, then there exists a set of versions of

the conditional probability P (A |T ) such that, for every t ∈ T and A ∈ A,

PX |T=t(A) ≡ P (A |T = t) stands for a probability measure over X ,A). More-

over, EP [g(X) |T = t] =
∫

X g(x)dPX |T=t(x), recovering the conventional defi-

nition.

Definition. A statistic T : (X ,A) → (T ,BT ) is sufficient for (X ,A,P) if,

∀ A ∈ A, there exists a version of the conditional probability P (A |T ) which

does not depend on P ∈ P, i.e. ∀ P1, P2 ∈ P, P1(A |T = t) = P2(A |T = t).

Halmos-Savage’s Theorem. Let (X ,A,P) be a dominated model and P∗ a

privileged measure. A statistic T is sufficient if and only if ∀P ∈ P, there exists

a T -measurable version of dP
dP∗

.

Proof. Consider T sufficient and gP (t) a version of dP
T

dPT
∗

(t), where t ∈ T . Then,

∀A ∈ A and P ∈ P,

P (A) =

∫

T
EP [IA(X) |T = t]dP T (t) =

∫

T
P (A |T = t)dP T (t)

=

∫

T
P∗(A |T = t)dP T (t) =

∫

T
EP∗ [IA(X) |T = t]dP T (t),

since, by sufficiency, there exists a version of the conditional probability that

does not depend on the particular P taken. Hence, using Radon-Nikodyn’s

Theorem yields

P (A) =

∫

T
EP∗ (IA(X) |T = t) gP (t)dP

T
∗ (t)

=

∫

T
EP∗ [IA(X)gP (T (X)) |T = t] dP T∗ (t)

=

∫

X
IA(x)gP [T (x)]dP∗(x) =

∫

A

gP [T (x)]dP∗(x).

However, by definition, P (A) =
∫

A
dP (x) so that, by Radon-Nikodyn’s Theo-
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rem, gP [T (x)], which is T -measurable, is a version of the Radon-Nikodyn deriva-

tive dP
dP∗

(x), showing necessity. Consider now a T -measurable version gP [T (·)]

of dP
dP∗

(·). For all B ∈ BT , PT (B) = P
[
T−1(B)

]
=
∫

T−1(B)
dP (x) by definition.

Radon-Nikodyn’s Theorem thus implies that

PT (B) =

∫

T−1(B)

gP [T (x)]dP∗(x)

=

∫

T
EP∗

[
IT−1(B)(X)gP (T (X)) |T = t

]
dPT∗ (t)

=

∫

T
EP∗

[
IT−1(B)(X) |T = t

]
gP (t)dP

T
∗ (t)

=

∫

B

gP (t)dP
T
∗ (t) =

∫

B

dPT (t),

which means that gP (t) ∈ dPT
dPT

∗

(t) for every t ∈ T . Then for every A ∈ A, and

P ∈ P,
∫

T
P [A |T = t] dP T (t) =

∫

T
EP [IA(X) |T = t] dP T (t)

=

∫

X
IA(x)dP (x)

=

∫

X
IA(x)gP [T (x)]dP∗(x)

=

∫

T
EP∗ [IA(X)gP (T (X)) |T = t] dP T∗ (t)

=

∫

T
EP∗ [IA(X) |T = t]gP (t)dP

T
∗ (t)

=

∫

T
EP∗ [IA(X) |T = t]dP T (t)

=

∫

T
P∗ [A |T = t] dP T (t),

which implies that the conditional probability given T does not depend upon a

particular measure P ∈ P, i.e. T is sufficient. ¥

2.3 Neyman-Fisher factorization criterion

Halmos-Savage’s Theorem gives a necessary and sufficient condition for suffi-

ciency. Although it gives a better intuition for the concept of sufficiency, it does

not provide a straightforward way to assess whether a statistic is sufficient. The

Neyman-Fisher factorization criterion gives an alternative necessary and suffi-
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ciency condition for sufficiency which is more useful in practical considerations

than Halmos and Savage’s result.

Proposition. Consider a model (X ,A,P), where P is a family of measures

dominated by a σ-finite measure µ. Denote the probability density dP
dµ

by fP .

Then, the statistic T is sufficient for (X ,A,P) if and only if, ∀P ∈ P, there

exists a version of fP ∈ dP
dµ

such that fP (x) = gP [T (x)]h(x), where both gP

and h are measurable.

Proof. We need to show that the factorization criterion above is equivalent to

the necessary and sufficient condition provided by Halmos-Savage’s Theorem.

Let T be sufficient, so that there exists a T -measurable version gP [T (·)] of

dP
dP∗

. Then, it immediately follows that fP (x) = gP [T (x)]h(x), where fP (x) ∈

dP/dµ, gP [T (x)] ∈ dP/dP∗ and h(x) ∈ dP∗/dµ. Consider now that fP (x) =

gP [T (x)]h(x), ∀P ∈ P. Then,

fP∗(x) =
dP∗
dµ

(x) =
∑

i

ci
dPi
dµ

(x) =
∑

i

cifPi(x) =
∑

i

cigPi [T (x)]h(x).

However, ∀P ∈ P,

dP

dP∗
(x) =

dP
dµ

(x)

dP∗
dµ

(x)
=

fP (x)

fP∗(x)
=

gP [T (x)]h(x)
∑

i cigPi [T (x)]h(x)
=

gP [T (x)]
∑

i cigPi [T (x)]
,

that is, dP
dP∗

is T -measurable. Therefore, by Halmos-Savage’s Theorem, T is

sufficient. ¥

Example 1. Consider the random sample X = (X1, . . . , Xn), where each Xi

has distribution P ∈ P dominated by µ. Denote by fP ∈ dP
dµ

the probability

density. Then, the joint probability density with respect to the product measure

µn can be expressed by

fP (x1, . . . , xn) =

n∏

i=1

fP (xi) =

n∏

i=1

fP
(
x(i)
)
.

Thus, the order statistic T =
(
X(1), . . . , X(n)

)
is sufficient.

Example 2. Consider the random sample X = (X1, . . . , Xn), where each Xi

has a Bernoulli distribution with parameter p ∈ [0, 1]. It is clear that X takes
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values in {0, 1}n, but we can consider the whole R
n space in order to use the

Borel σ-algebra. It can be shown that the counting measure

µ(B) = #
{
x = (x1, . . . , xn) ∈ B such that xi ∈ {0, 1}, ∀i

}

is a dominating σ-finite measure for the model at hand. Then, the probability

density fp of X with respect to µ, under the parameter value p, is

fp(x) =
1

µ (Rn)

n∏

i=1

pxi(1− p)1−xi = 1

µ (Rn)
p

∑

i xi(1− p)n−
∑

i xi .

Thus, the sum statistic T =
∑n
i=1Xi is sufficient since fp(x) can be factorized

with gp[T (x)] = pT (x)(1− p)n−T (x) and h(x) = 1/µ (Rn).

2.4 Minimal sufficiency

It is a concept related to the maximal reduction of a problem. For instance,

the observations X clearly constitute a sufficient statistic, but they do not offer

any reduction. More formally, consider two sufficient statistics T1 and T2 with

induced σ-algebra AT1
and AT2

, respectively. If AT2
⊆ AT1

, then T2 is T1-

measurable, which means that T1 contains some irrelevant information.

Definition. Consider Υ the set of sufficient statistics. A statistic S is minimal

sufficient for (X ,A,P) if S is T -measurable for every T ∈ Υ, that is, AS ⊆ AT .

Equivalently, S is a minimal sufficient statistic if AS =
⋂

T∈ΥAT .

If P is a dominated family of measures, then the Radon-Nikodyn derivative

dP
dP∗

, where P ∈ P and P∗ is a privileged measure, is a minimal sufficient

statistic. This result stems directly from Halmos-Savage’s Theorem, but it is

not so informative given that, in general, the set of Radon-Nikodyn derivatives

has an uncountable number of variables. However, for the particular case of

exponential families, there is a finite number of random variables which are able

to span the whole set
{
dP
dP∗

∣
∣
∣P ∈ P

}

.

Proposition 1. Let P = {P1, . . . , PK} and consider the privileged domi-

nating measure P∗ = 1
K

∑K
k=1 Pk. Let fk denote the density function dPk

dP∗
,

k = 1, . . . ,K. Then, S = (f1, . . . , fK) is minimal sufficient.

8



Proposition 2. Let P0 ⊂ P. If S is minimal sufficient for (X ,A,P0) and is

sufficient for (X ,A,P), then S is also minimal sufficient for (X ,A,P).

Proof. Consider T a sufficient statistic for (X ,A,P), then T is also sufficient

for (X ,A,P0). However, S is minimal sufficient for (X ,A,P0), thus it is by

definition T -measurable. Note that this is valid for every statistic T sufficient

for (X ,A,P), hence S is also minimal sufficient for (X ,A,P). ¥

Under these circumstances, the trick consists in constructing a sub-model

with a finite family of measures and then uncover a minimal sufficient statistic

that is also sufficient for the original model.

3 The exponential family

The model (X ,A,P) is exponential if P =
{
Pθ | θ ∈ Θ ⊆ R

K
}
is dominated by

a σ-finite measure µ with density

fθ(x) = C(θ)h(x) exp

(
K∑

k=1

θkTk(x)

)

∈ dPθ
dµ

,

where x ∈ X , and h(·) and C(·) are nonnegative functions. The vector θ =

{θ1, . . . , θK} is called the natural parameter and belongs to the parametric space

Θ, which is a subset of the natural parameter space

Θ̄ =

{

θ ∈ R
K :

1

C(θ)
=

∫

X
h(x) exp

(
∑

k

θkTk(x)

)

dµ(x) <∞
}

.

Finally, the vector T (X) of real-valued statistics (T1(X), . . . , TK(X)) is called

the privileged statistic.

Remark 1. The natural parameter space is convex, that is, for θ, θ′ ∈ Θ̄ and

α ∈ [0, 1], the convex combination θ∗ = αθ + (1− α)θ′ belongs to Θ̄.

1

C(θ∗)
=

∫

X
h(x) exp

(
K∑

k=1

θ∗kTk(x)

)

dµ(x)

=

∫

X
h(x) exp

(

α

K∑

k=1

θkTk(x) + (1− α)
K∑

k=1

θ′kTk(x)

)

dµ(x)

=

∫

X
h(x) exp

(

α
K∑

k=1

θkTk(x)

)

exp

(

(1− α)
K∑

k=1

θ′kTk(x)

)

dµ(x)
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≤
[
∫

X
h exp

(
K∑

k=1

θkTk

)

dµ

]α [∫

X
h exp

(
K∑

k=1

θ′kTk

)

dµ

]1−α

=

(
1

C(θ)

)α(
1

C(θ′)

)1−α
<∞,

where the third passage stems from the Holden inequality.

Remark 2. Let υ(A) =
∫

A
h(x)dµ(x). Then,

dPθ
dυ

= C(θ) exp

(
K∑

k=1

θkTk(x)

)

,

which means that h(x) plays no structural role. It can be set to one without

loss of generality just by selecting the appropriate measure.

Remark 3. We tacitly assume that T is of full rank K, which means that

there are almost surely no linear constraints on T . Otherwise, we can always

set TK =
∑K−1
k=1 αkTk and rearrange the exponential density in order to reduce

the dimension of the parametric space. We also assume that the interior of Θ0

is not empty with respect to R
K . In case Θ0 has empty interior with respect

to R
K , we shall say that the family P is a curved exponential family, which

typically leads to several problems.

Remark 4. If (X ,A,P) is an exponential model with natural parameter θ and

privileged statistic T , then
(
R
K ,BK ,PT

)
, where PT is the family of T -induced

measures, is also an exponential model with natural parameter θ and privileged

statistic T .

PTθ (B) =

∫

T−1(B)

C(θ)h(x) exp

(
K∑

k=1

θkTk(x)

)

dµ(x)

=

∫

X
C(θ)IT−1(B)(x) exp

(
K∑

k=1

θkTk(x)

)

dυ(x)

=

∫

T
C(θ)E

[

IT−1(B)(X) exp

(
K∑

k=1

θkTk(X)

)∣
∣
∣
∣
∣
T = t

]

dυT (t)

=

∫

B

C(θ) exp

(
K∑

k=1

θktk

)

dυT (t)

=

∫

B

C(θ)hT (t) exp

(
K∑

k=1

θktk

)

dµ(t), ∀B ∈ BT ,
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which implies that fTθ (t) = C(θ)hT (t) exp
(
∑K
k=1 θktk

)

.

Remark 5. Note that all Pθ’s belonging to P are equivalent measures, that is,

for Pθ, Pθ′ ∈ P, Pθ ¿ Pθ′ .

3.1 Sufficiency in exponential families

Proposition 1. The privileged statistic T is minimal sufficient for (X ,A,P) if

P is an exponential family of full rank.

Proof. It can be immediately seen that T is sufficient by the Neyman-Fisher

factorization criterion. In addition, because P is a probability family of full

rank, there exist θ(0), . . . , θ(K) ∈ Θ̄ forming a hypercube with nonzero volume,

i.e.

|M| =

∣
∣
∣
∣
∣
∣
∣
∣
∣

θ
(1)
1 − θ

(0)
1 θ

(1)
2 − θ

(0)
2 · · · θ

(1)
K − θ

(0)
K

θ
(2)
1 − θ

(0)
1 θ

(2)
2 − θ

(0)
2 · · · θ

(2)
K − θ

(0)
K

...
...

. . .
...

θ
(K)
1 − θ(0)1 θ

(K)
2 − θ(0)2 · · · θ

(K)
K − θ(0)K

∣
∣
∣
∣
∣
∣
∣
∣
∣

> 0.

Hence we can define P0 =
{

Pθ(0) , . . . , Pθ(K)

}

, where Pθ(0) can be taken as a

privileged measure given that the Pθ(k) ’s are all equivalent measures. Then,

the vector formed by the Radon-Nikodyn derivatives

{
dP

θ(1)

dP
θ(0)

, . . . ,
dP

θ(K)

dP
θ(0)

}

is a

minimal sufficient statistic for P0. Now, for k = 1, . . . ,K,

dPθ(k)

dPθ(0)
(X) =

fθ(k)

fθ(0)
(X)

=
C
(

θ(k)
)

h(X) exp
[
∑

j θ
(k)
j Tj(X)

]

C
(

θ(0)
)

h(X) exp
[
∑

j θ
(0)
j Tj(X)

]

=
C
(

θ(k)
)

C
(

θ(0)
) exp




∑

j

(

θ
(k)
j − θ

(0)
j

)

Tj(X)



 .

However, if

{
dP

θ(1)

dP
θ(0)

(X), . . . ,
dP

θ(K)

dP
θ(0)

(X)

}

is a minimal sufficient statistic, then
{

log
dP

θ(1)

dP
θ(0)

(X), . . . , log
dP

θ(K)

dP
θ(0)

(X)

}

is also minimal sufficient as well as the vec-

tor composed by

log




C
(

θ(0)
)

C
(

θ(k)
)
dPθ(k)

dPθ(0)
(X)



 =

K∑

j=1

(

θ
(k)
j − θ

(0)
j

)

Tj(X) =
〈

θ
(k)
j − θ

(0)
j , T (X)

〉

,
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k = 1, . . . ,K. In a matrix form, we have the following linear system

A(X) =



log




C
(

θ(0)
)

C
(

θ(k)
)
dPθ(k)

dPθ(0)
(X)









K×1

= M T (X),

where there is an inverse matrix M−1 given that M is nonsingular, i.e. |M| > 0.

Hence, as A(X) is a minimal sufficient statistic, M−1A(X) = T (X) is also

minimal sufficient for P0. Minimal sufficiency of T (X) with respect to P follows

then from sufficiency for P and minimal sufficiency for P0. ¥

3.2 Sampling exponential models

Consider a random sample X = (X1, . . . , Xn) with exponential marginal distri-

bution Pθ ∈ P with natural parameter θ and privileged statistic T (Xi). Then,

the joint density with respect to the product measure is given by

fθ(x) =
n∏

i=1

fθ(xi)

=
n∏

i=1

C(θ)h(xi) exp

(
K∑

k=1

θkTk(xi)

)

= C(θ)n

[
n∏

i=1

h(xi)

]

exp

(
K∑

k=1

θk

n∑

i=1

Tk(xi)

)

,

which is still an exponential model with natural parameter θ. Moreover, the

privileged statistic is just the sum of the marginal privileged statistics. Thus,

whatever sample size, the dimension of the problem remains always at K.

Example 1. Consider a random variable X with distribution of the Bernoulli

family. Then, the density with respect to the counting measure of {0, 1}, µ(A) =

#
{
A ∩ {0, 1}

}
, is

fp(x) = px(1− p)1−x = exp
[

log
(

px(1− p)1−x
)]

= exp [x log p+ (1− x) log(1− p)]

= exp [x log p+ log(1− p)− x log(1− p)]

= exp

[

x log
p

1− p + log(1− p)
]

= (1− p) exp
[

x log
p

1− p

]

,

12



for x ∈ R. Hence, in this case, C(θ) = 1 − p, the natural parameter θ =

log p
1−p , and the privileged statistic T (X) = X. In particular, a sample of n

Bernoulli essays has an exponential density with natural parameter θ = log p
1−p

and privileged statistic T (X1, . . . , Xn) =
∑n
i=1Xi.

Example 2. Consider a random variable X that belongs to the Poisson family

with density

fλ(x) =
e−λλx

x!
= e−λ

1

x!
exp(x log λ).

Then, C(θ) = e−λ, h(x) = 1/x!, θ = log λ is the natural parameter, and

T (X) = X stands for the privileged statistic.

Example 3. Consider a random variable X which belongs to the Gaussian

family with density

fµ,σ(x) =
1√
2πσ

exp

[

− 1

2σ2
(x− µ)2

]

=
1√
2πσ

exp

[

− 1

2σ2
(
x2 − 2xµ+ µ2

)
]

=
1√
2πσ

exp

[

− µ2

2σ2

]

exp

[
µ

σ2
x− 1

2σ2
x2
]

.

Then, C(θ) = 1√
2πσ

exp
[

− µ2

2σ2

]

, θ =
(
µ
σ2 ,− 1

2σ2

)
is the vector of natural param-

eters, and T (X) =
(
X,X2

)
stands for the privileged statistic. Thus, a sample

X = (X1, . . . , Xn) of independent random variables normally distributed with

natural parameter θ has privileged statistic T (X) =
(∑n

i=1Xi,
∑n
i=1X

2
i

)
. In

particular, this implies that the statistic formed by the sample mean and vari-

ance (X̄, s2) is minimal sufficient.

Example 4 (Behrens-Fisher’s problem). Consider two random samples

X = (X1, . . . , Xn) and Y = (Y1, . . . , Yn), where Xi ∼ N(µx, σ
2
x) and Yi ∼

N(µy, σ
2
y). Then, under the null hypothesis of µ = µx = µy, the joint distribu-

tion of (X,Y ) is a curved exponential distribution. If one writes the distribution

as a function of three parameters (µ, σx, σy), then the property of exponential

linearity is lost.

13



3.3 Moments of a privileged statistic

Proposition. For all θ ∈ Θ, the moments mi = Eθ
(
T ik
)
exist and are finite.

In particular,

Eθ(T ) = [∂θiψ(θ)] = gradθψ(θ)

Varθ(T ) = Eθ
[
(T − Eθ(T ))(T − Eθ(T ))′

]
=
[
∂θiθjψ(θ)

]
= I(θ),

where ψ(θ) = − logC(θ) and I(θ) is the Fisher information matrix, namely

I(θ) = Eθ

[(
gradθ log fθ(X)

) (
gradθ log fθ(X)

)′]
.

Proof. Recall that C(θ) is an integration constant which guarantees that the

density integrates to one. Hence, by definition,

∫

X
h(x) exp

[
K∑

k=1

θkTk(x)

]

dµ(x) =
1

C(θ)
= exp[ψ(θ)]

Differentiating both sides with respect to θi yields

∫

X
Ti(x)h(x) exp

[
K∑

k=1

θkTk(x)

]

dµ(x) =
∂ψ(θ)

∂θi
exp[ψ(θ)],

which implies that Eθ[Ti(x)] = ∂θiψ(θ) for i = 1, . . . ,K. Thus Eθ[T (x)] =

gradθψ(θ). Taking the second derivative with respect to θj gives

∫

X
Ti(x)Tj(x)h(x) exp

[
K∑

k=1

θkTk(x)

]

dµ(x) =
∂2ψ(θ)

∂θiθj
exp[ψ(θ)]

+
∂ψ(θ)

∂θi

∂ψ(θ)

∂θj
exp[ψ(θ)],

which implies that

Eθ[Ti(x), Tj(x)] =
∂2ψ(θ)

∂θiθj
+
∂ψ(θ)

∂θi

∂ψ(θ)

∂θj
= ∂θiθjψ(θ) + ∂θiψ(θ)∂θjψ(θ).

However, Eθ[Ti(x)] = ∂θiψ(θ), so that Covθ[Ti(x), Tj(x)] = ∂θiθjψ(θ) and

Varθ[T (x)] =
[
∂θiθjψ(θ)

]
. In order to show that the covariance coincides with

the Fisher information matrix, note that the latter is the variance of

gradθ log fθ(x) = gradθ logC(θ) + gradθ

K∑

k=1

θkTk(x)

= gradθ logC(θ) + T (x).
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But gradθ logC(θ) is constant, hence the information matrix reduces to I(θ) =

Varθ[T (x)]. ¥

Lemma. Let g be a measurable and bounded function mapping (X ,A) into

(R,B). Then,

Eθ[g(X)] =

∫

X
g(x)C(θ)h(x) exp

[
K∑

k=1

θkTk(x)

]

dµ(x)

exists and is bounded for every θ ∈ Θ.

4 Distribution free and complete statistics

4.1 Distribution freeness and ancillarity

Definition 1. A statistic S is distribution free if, ∀P1, P2 ∈ P, PS1 = PS2 , that

is, S does not depend on the probability measure P ∈ P.

Example 1. Consider a random sample X = (X1, . . . , Xn) with marginal

density f with respect to the Lebesgue measure over (R,B). Denote the vector

of ranks by R = (R1, . . . , Rn), where Ri is the rank associated to Xi among

X1, . . . , Xn. Under a probability zero of occurring ties, R takes value in the set

of the n! permutations of (1, . . . , n). Hence, R has uniform distribution over the

n! permutations set irrespective of the density function f of Xi.

Intuitively, a distribution free statistic does not carry any information about

P ∈ P, so that it sounds like the converse of a sufficient statistic, which provides

all information available of P ∈ P. However, these two concepts are not orthog-

onal in the sense that a sufficient statistic may possess some sort of impurity

in the form of a distribution free component. This impurity is called ancillarity

and it should be eliminated in order to avoid statistical problems.

Definition 2. A distribution free statistic S which is measurable with respect

to a minimal sufficient statistic is called an ancillary statistic.

Example 2. Consider the vector (N,X), where N − 1 ∼ Bin
(
1, 12

)
and X

has a conditional distribution given N = n that is binomial with parameters

(n, p), p ∈ (0, 1). Then, N is distribution free since it does not depend on
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the parameter of interest p. The joint distribution of (N,X) takes values over

{(1, 0), (1, 1), (2, 0), (2, 1), (2, 2)}, where the counting measure over
(
R
2,B2

)
can

act as a dominating measure, and has density

fp(n, x) =
1

2

(
n
x

)

px(1− p)n−x.

Note that there is no way of getting rid off N by the factorization criterion,

thereof (N,X) is a minimal sufficient statistic with ancillary statistic N .

Remark. Although the ancillary statistic does not provide any information on

the parameters of interest, it is usually informative about the sort of information

provided by the minimal sufficient statistic.

Example 3. Consider the linear model Y = Xβ + ε, where X ∼ PX is

independent of β and of the error ε ∼ N(0, σ2I). Then, X is an ancillary

statistic.

Example 4. Consider a Cauchy model with density given by

fθ =
1

π [1 + (x− θ)2] ,

where θ is a location parameter. Then, X(i) −X(j) =
(
X(i) − θ

)
−
(
X(j) − θ

)
is

distribution free and measurable with respect to the order statistic X (·) which

is minimal sufficient. Thereof X(i) −X(j) is ancillary.

Ancillarity Principle. This principle states that one should condition the

minimal sufficient statistic upon the σ-algebra generated by the ancillary statis-

tics. However, there are cases where this procedure cannot be implemented.

4.2 First-order ancillarity and completeness

Definition 1. Consider a minimal sufficient statistic T for (X ,A,P) and a T -

measurable statistic S which is also P-integrable. Then, S is first-order ancillary

if, EP1
(S) = EP2

(S), ∀P1, P2 ∈ P.

Trivial Example. A statistic which is P-almost surely constant is first-order

ancillary.
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Definition 2. A model is complete if EP (S) = c, ∀P ∈ P, implies S = c P-

almost surely, where c is a constant vector and S is an ancillary statistic.

Definition 3. A statistic S : (X ,A) 7→ (S,BS) is complete if its induced model

(
S,BS ,PS

)
is complete.

Note that completeness rules out the existence of nontrivial first-order an-

cillarity and there is no loss of generality in taking c = 0. Accordingly, a

minimal sufficient statistic T is also complete if the ancillarity of its induced

model
(
T ,BT ,PT

)
stems solely from a trivial first order ancillary statistic.

Proposition 1. In an exponential model of full rank, the privileged statistic T

is minimal sufficient and complete.

Proposition 2. Assume that T is sufficient, complete, and P-integrable. Then,

T is minimal sufficient.

Proof. Assume, for instance, that T is not minimal sufficient. Then, there exists

a sufficient statistic T ∗ which is T -measurable whereas T is not T ∗-measurable.

Let ψ(X) = T (X)−E[T (X) |T ∗]. Since T ∗ is sufficient, ψ does not depend on

P ∈ P and so, it is a T -measurable statistic.

EP [ψ(X)] = EP {T (X)− E[T (X) |T ∗]}

= EP [T (X)]− EP [T (X)] = 0, ∀P ∈ P,

which implies that ψ(X) = 0 P-almost surely due to the fact that T is complete.

Hence, T (X) = E[T (X) |T ∗] P-almost surely, which means that T is T ∗-

measurable. Contradiction. ¥

Basu’s Theorem. Consider a sufficient and complete statistic T and a distri-

bution free statistic S. Then, S and T are P -independent for all P ∈ P.

Proof. The distribution freeness of S implies that P S does not depend on

P ∈ P. Hence, PS(B) = P
[
S−1(B)

]
is a constant over P, ∀B ∈ BS . How-

ever, by the law of iterated expectations, P S(B) = EP
{
P
[
S−1(B) |T

]}
, which

implies that

EP
{
P
[
S−1(B) |T

]
− P

[
S−1(B)

]}
= 0, ∀P ∈ P.
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But T is sufficient, so that the above expectation does not depend on a particular

choice of P ∈ P, that is, it is a T -measurable statistic. Since T is also complete,

P
[
S−1(B) |T

]
= P

[
S−1(B)

]
P-almost surely, which is a form of stating P-

independence between the two statistics. ¥

Corollary (Fisher’s Lemma). Consider a random sample X = (X1, . . . , Xn),

Xi ∼ N(µ, σ2). Assume that σ2 is fixed, so that the sample mean X̄ is a

privileged statistic and thereof minimal sufficient and complete. Then, the dis-

tribution free statistic S = ns2/σ2 ∼ χ2n−1 is Pµ,σ2-independent of X̄ for all

Pµ,σ2 ∈ P.

Definition 4. Two measures P1, P2 ∈ P are disconnected if, for every N1, N2

such that P1(N1) = P2(N2) = 0, N c
1 ∩N c

2 = ∅.

Proposition 3. Let (X ,A,P) be such that, ∀P1, P2 ∈ P, P1 and P2 are not

disconnected. Consider two P-independent statistics S and T . Then, if T is

sufficient, S is distribution free.

Proof. The P-independence of S and T means that, for all P ∈ P, P (A |S) =

P (A) P -almost surely, for every A ∈ AT = T−1 (BT ) as well as P (B |T ) = P (B)

for every B ∈ AS = S−1 (BS). However, T is sufficient which implies that, for

all B ∈ BS and P1, P2 ∈ P, there is a version of the conditional probability such

that P1

[

S−1(B)
∣
∣
∣T
]

= P2

[

S−1(B)
∣
∣
∣T
]

, P1, P2-almost surely. Thus,

P1
[
S−1(B)

] P1−a.s.= P1

[

S−1(B)
∣
∣
∣T = t

]
P1,P2−a.s.

= P2

[

S−1(B)
∣
∣
∣T = t

]

P2−a.s.= P2
[
S−1(B)

]
,

as long as t ∈ N c
1 ∩N c

2 , for all Ni such that Pi(Ni) = 0, i = 1, 2. As P1 and P2

are not disconnected, N c
1 ∩N c

2 6= ∅ and so, there exists t ∈ N c
1 ∩N c

2 . Hence, S

is distribution free. ¥
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5 Point estimation

5.1 The role of sufficiency

Consider the problem of estimating a functional `, which maps P into R
k. The

loss function LP (t), t ∈ R
k, denotes the loss incurred if the true distribution is

P and the estimate of `(P ) takes values t. A loss function must satisfy three

requirements:

(i); t = `(P ) =⇒ LP (t) = 0

(ii) t 6= `(P ) =⇒ LP (t) > 0

(iii) LP (t) is a convex function over R
k

For instance, the quadratic loss LP (t) = [t− `(P )]′A[t− `(P )], t ∈ R
k, satisfies

these assumptions as long as A is a positive definite matrix.

Denote by δ an estimator of `(P ), which maps X into R
k, and consider a

statistic T which is sufficient for (X ,A,P). Then, the Rao-Blackwellization of

δ, δT = E(δ |T ), does not depend on a particular P , and so it stands for an

alternative statistic for estimating `(P ).

Rao-Blackwell’s Theorem. Assume convexity for the loss function LP (·)

irrespective to P ∈ P. Then, RδTP ≤ RδP , ∀P ∈ P, where RδP and Rδ
T

P represent

the risks associated with δ and its Rao-Blackwellization δT , respectively.

Proof. By Jensen’s inequality,

Rδ
T

P = EP

[

LP

(

δT
)]

= EP
(
LP
[
E
(
δ
∣
∣T
)])

≤ EP
(
E
[
LP (δ)

∣
∣T
])

= EP [LP (δ)] = RδP ,

completing the proof. ¥

Lehmann-Scheffé’s Theorem. Let δ be an unbiased estimator of `(P ) and S

a sufficient and complete statistic for (X ,A,P). Then, the Rao-Blackwellization

δS = E(δ |S) is a uniformly minimal risk unbiased (UMRU) estimator for any

convex loss function LP (·), that is, for every δ∗ such that EP (δ∗) = `(P ),
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∀P ∈ P, RδSP ≤ Rδ∗P . Moreover, δS is essentially unique in the sense that

δS = δS∗ P-almost surely for every unbiased estimators δ and δ∗.

Proof. Take two unbiased estimators δ and δ∗ of `(P ). Then, their Rao-

Blackwellisations

EP

(

δS
)

= EP
[
E
(
δ
∣
∣S
)]

= EP (δ) = `(P )

EP

(

δS∗

)

= EP
[
E
(
δ∗
∣
∣S
)]

= EP (δ∗) = `(P )

are also unbiased estimators for all P ∈ P. Hence, EP

(

δS − δS∗
)

= EP

(

δS
)

−

EP

(

δS∗

)

= 0, ∀P ∈ P, which implies, by completeness of S, that δS = δS∗ P-

almost surely, i.e. the Rao-Blackwellization is essentially unique. Moreover, by

Rao-Blackwell’s Theorem, Rδ
S

P = R
δS
∗

P ≤ Rδ∗P , ∀P ∈ P, which implies that δS

is UMRU. ¥

Under these circumstances, given a known sufficient and complete statistic S,

there are two strategies for constructing UMRU estimators. The first consists in

finding an unbiased estimator which is S-measurable. The second is to consider

a very simple unbiased estimator δ and compute its Rao-Blackwellization δS .

Example 1. Consider a random sample X = (X1, . . . , Xn) with each Xi ∼

N
(
µ, σ2

)
. Then, it is known that the statistic S =

(
X̄, s2

)
is minimal sufficient

and complete. Suppose we are looking for UMRU estimators for µ and σ2.

Then, X̄ and s̃2 = n
n−1s

2 are S-measurable and unbiased, therefore UMRU

estimators (first strategy). Alternatively, we can consider the trivial estimator

Xi for µ, which is unbiased though not S-measurable. Then,

E(X1 | X̄) = . . . = E(Xi | X̄) = . . . = E(Xn | X̄),

which implies that

nE(Xi | X̄) =
n∑

i=1

E(Xi | X̄) = E

(
n∑

i=1

Xi | X̄
)

.

But
∑n
i=1Xi is X̄-measurable, hence

E(Xi | X̄) =
1

n
E

(
n∑

i=1

Xi | X̄
)

=
1

n

n∑

i=1

Xi = X̄,
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retrieving the sample mean as the UMRU estimator.

Example 2. Consider the same setup, but we are now interested on estimating

µ2. The first estimator that comes in mind is X̄2. However,

E
(
X̄2
)
= Var(X̄) + E2(X̄) =

σ2

n
+ µ2,

hence it is biased. Nevertheless, it indicates that X̄2 − s̃2/n stands for an

unbiased estimator. Note however that it is also S-measurable, hence it is

UMRU.

Example 3. Consider a random sample X = (X1, . . . , Xn) with each Xi ∼

Bin(1, p), p ∈ (0, 1). Suppose we want to estimate 1/p. Then, let δ(X) be an

unbiased estimator for 1/p. However, it is well-known that
∑n
i=1Xi ∼ Bin(n, p),

hence

Ep[δ(X)] =

n∑

t=0

(
n
t

)

pt(1− p)n−tδ(t) = 1

p

for all p ∈ (0, 1). In the case that p→ 0, the right-hand side goes to infinite, but

the left-hand side converges to δ(0). But δ(0) 6= ∞, otherwise the expectation

of the estimator would be always infinity, which implies a contradiction. Thus

there is no unbiased estimator for 1/p and, in this case, the two strategies fail.

Example 4. Consider the capture-recapture model, where we want to estimate

the number of fishes, say N , dwelling in a lake. A possible experiment is to

capture, mark, and release a random sample of k fishes, and then draw another

sample of size n (with replacement) in order to count how many were marked.

Denote by Xi the random variable that assume value one when the fish i was

marked, and zero otherwise. Then,
∑n
i=1Xi ∼ Bin(n, p = k/N). Given that k

is known, in order to estimate N , it is clear that the parameter of interest is 1/p.

However, there is no unbiased estimator available. An alternative experiment

consists in replacing the second stage of the first experiment in the following

way. Instead of choosing a sample size n, we sample (with replacement) until

the number of marked fishes reaches some arbitrary value m. This sampling

scheme induces a negative binomial distribution with parameters m and k/N
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for the total number Y of fishes captured in the second stage. The negative

binomial belongs to the exponential family, so that its privileged statistic Y is

minimal sufficient and complete. In this way, we only need to find a unbiased

estimator δ(Y ) for N . However, it can be shown that

E(Y ) = m
1− k/N
k/N

= m
1− p
p

,

which indicates that δ(Y ) = (Y +m)/m is an UMRU estimator of 1/p, since

E[δ(Y )] = E

[
Y +m

m

]

= E

[

1 +
Y

m

]

= 1 +
E(Y )

m
= 1 +

m(1− p)
mp

= 1 +
1− p
p

=
p+ 1− p

p
=

1

p
.

5.2 Semiparametric context

Consider a random sample X = (X1, . . . , Xn) and a nonparametric family of

densities P. A white noise model then corresponds to P = F , where F is the

set containing all continuous density functions with respect to the Lebesgue

measure over (R,B). Accordingly, a symmetric white noise model corresponds

to P = F+, where F+ stands for the set of continuous density functions with

respect to the Lebesgue measure over (R,B) which are symmetric around zero.

For the white noise model, the order statistic X
(n)
(·) =

(
X(1), . . . , X(n)

)
is triv-

ially sufficient by the factorization criterion. Moreover, after some boring alge-

bra, it can be shown that X
(n)
(·) is also a complete statistic. Analogously, for the

symmetric white noise model, |X|(n)
(·) =

(
|X|(1), . . . , |X|(n)

)
is sufficient and com-

plete. Under these circumstances, by Lehmann-Scheffé’s Theorem, an UMRU

estimator for any quantity ψ(f), where f ∈ F is the joint-density function of

X, is an unbiased X
(n)
(·) -measurable estimator. In the same way, if f ∈ F+, then

an UMRU estimator for ψ(f) should be unbiased and |X|(n)
(·) -measurable.

Example. Consider the family of measures F containing every density function

f with respect to the Lebesgue measure such that
∫
xf(x)dµ(x) < ∞. Then,

the sample mean X̄ =
∑n
i=1Xi, due to its unbiasedness and X

(n)
(·) -measurability,

is an UMRU estimator for µf =
∫
xf(x)dµ(x).
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However, it is not always the case that we can immediately think of an

UMRU estimator. In more complex and general situations, we may need a

Rao-Blackwellization scheme, which boils down to the concept of U-statistics.

Definition. Consider a functional Ψ : F → R, and the smallest sample size

k such that Ψ(f) can be estimated in an unbiased way, that is, there exists a

function ψ : R
n → R such that E

[

ψ
(

X(n)
)]

= Ψ(f) for every n ≥ k, where

X(n) = (X1, . . . , Xn) stands for a random sample with Xi ∼ f ∈ F . Then the

function ψ is called a kernel of order k for the estimation of Ψ.

For instance, for the estimation of the mean based on a random sample,

only one observation (k = 1) is needed for constructing an unbiased estimator:

ψ(X1) = X1. For the estimation of the variance, two observations (k = 2) are

needed in order to have an unbiased estimation: ψ(X1, X2) =
1
2 (X2 −X1)

2.

Proposition. Consider a random sample X1, . . . , Xn with marginal density

f ∈ F , and a kernel ψ of order k for estimating Ψ(f). Then, the U-statistic

(n− k)!
n!

∑

1≤i1 6=...6=ik≤n
ψ (Xi1 , . . . , Xik)

is an UMRU estimator for Ψ(f).

Proof. By definition, ψ(X1, . . . , Xk) is an unbiased estimator for Ψ. Then,

its Rao-Blackwellization E
[
ψ (X1, . . . , Xk)

∣
∣X(1), . . . , X(n)

]
is an UMRU esti-

mator. However, the joint distribution of X1, . . . , Xk given X(1), . . . , X(n) is

equivalent, with probability one, to a discrete uniform distribution over the

n(n−1) . . . (n−k+1) possible distinct k-tuples of the form Xi1 , . . . , Xik . Hence,

the U-statistic turns out to be the Rao-Blackwellization of ψ. ¥

Example. Consider again the problem of estimating the variance based on a

random sample X1, . . . , Xn. For estimating Ψ(f) = σ2f =
∫
(x−µf )2f(x) dµ(x),

the Rao-Blackwellization of the kernel ψ(X1, X2) =
1
2 (X2 −X1)

2 reads

σ̂2f =
(n− 2)!

n!

∑

1≤i6=j≤n

1

2
(Xi −Xj)

2
=

1

2n(n− 1)

∑

1≤i6=j≤n
(Xi −Xj)

2

=
1

2n(n− 1)

∑

1≤i6=j≤n

(
X2
i − 2XiXj +X2

j

)
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=
1

2n(n− 1)



(n− 1)

n∑

i=1

X2
i + (n− 1)

n∑

j=1

X2
j − 2

∑

1≤i6=j≤n
XiXj





=
1

2n(n− 1)



2(n− 1)

n∑

i=1

X2
i − 2

n∑

i=1

n∑

j=1

XiXj + 2

n∑

i=1

X2
i





=
1

2n(n− 1)



2n

n∑

i=1

X2
i − 2

n∑

i=1

Xi

n∑

j=1

Xj





=
1

2n(n− 1)

[

2n

n∑

i=1

X2
i − 2(nX̄)2

]

=
1

(n− 1)

[
n∑

i=1

X2
i − nX̄2

]

=
n

n− 1
s2.

For the symmetric white noise model, the U-statistic consists in

1

2k
(n− k)!
n!

∑

(s1,...,sk)∈{−1,1}k

∑

1≤i1 6=...6=ik≤n
ψ (s1|Xi1 |, . . . , sk|Xik |) ,

where the term 2−k stems from the fact that s1, . . . , sk are uniformly distributed

over the 2k elements of {−1, 1}k. Note that considering all permutations over

{−1, 1}k implies ψ (s1|Xi1 |, . . . , sk|Xik |) = ψ (s1Xi1 , . . . , skXik).

5.3 Group invariance

Consider two probability measures P1 and P2 belonging to P. The identifia-

bility condition holds if P1 6= P2. Let G, · = {g}, · be a group of measurable

transformations of (X ,A), i.e. g is a mapping from X to X .

Definition 1. The model (X ,A,P) is invariant under the group of transfor-

mation G if there exists a Q ∈ P such that QX = P gX for every g ∈ G and for

all P ∈ P. If the identifiability condition holds, then Q is (essentially) unique.

Notation. Henceforth, Q will be denoted by ḡP . The transformation ḡ is a

mapping from P to P, which belongs to the so-called induced group Ḡ. If the

induced group has only one orbit in P, i.e. P itself, then G and Ḡ are called

generating groups. In other words, if there exists a ḡ ∈ Ḡ such that P2 = ḡP1

for any P1, P2 ∈ P, then G is a generating group.

Consider the parametric case P =
{
Pθ
∣
∣ θ ∈ Θ

}
, for instance. Then, invari-
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ance under G means that, for every θ ∈ Θ and for all g ∈ G, there exists a

θ′ = ḡθ such that P
gX
θ = P

X
θ′ = P

X
ḡθ . The induced group Ḡ acting on Θ is then

characterized by ḡ : θ 7→ θ′ = ḡθ such that Pḡθ(X ∈ A) = Pθ(gX ∈ A) for any

A ∈ A. Finally, as Ḡ has only one orbit, Θ itself, it is a generating group.

Example 1. Consider the location family P =
{
Pθ
∣
∣ θ ∈ R

}
, Pθ on (Rn,Bn)

such that P
X
θ (x) = P

X
θ (x1, . . . , xn) = P

X
0 (x1−θ, . . . , xn−θ), where P0 is a fixed

parent distribution. Then, the groups G = {gax = (x1 + a, . . . , xn + a) | a ∈ R}

and Ḡ = {ḡaθ = θ + a | a ∈ R} are generating groups.

P
gaX
θ (x) = Pθ(gaX ≤ x) = Pθ(X1 + a ≤ x1, . . . , Xn + a ≤ xn)

= P0(X1 + a ≤ x1 − θ, . . . ,Xn + a ≤ xn − θ)

= P0(X1 ≤ x1 − θ − a, . . . ,Xn ≤ xn − θ − a)

= Pθ+a(X1 ≤ x1, . . . , Xn ≤ xn) = Pθ+a(X ≤ x)

= P
X
ḡaθ

(x).

Example 2. Consider a scale-location family P =
{
Pθ1,θ2

∣
∣ θ1 ∈ R, θ2 ∈ R+

}
,

Pθ1,θ2 on (Rn,Bn) such that

P
X
θ1,θ2

(x1, . . . , xn) = P
X
0,1

(
x1 − θ1
θ2

, . . . ,
xn − θ1
θ2

)

,

where P0,1 is a fixed parent distribution. Then,

G =
{

ga,b(x1, . . . , xn) = (a+ bx1, . . . , a+ bxn)
∣
∣
∣ a ∈ R, b ∈ R+

}

Ḡ =
{

ḡa,b(θ1, θ2) = (a+ bθ1, bθ2)
∣
∣
∣ a ∈ R, b ∈ R+

}

are generating groups.

P
ga,bX
θ1,θ2

(x) = Pθ1,θ2(ga,bX ≤ x)

= Pθ1,θ2(bX1 + a ≤ x1, . . . , bXn + a ≤ xn)

= P
X
θ1,θ2

(
x1 − a
b

, . . . ,
xn − a
b

)

= P
X
0,1

(
x1 − (a+ bθ1)

bθ2
, . . . ,

xn − (a+ bθ1)

bθ2

)

= P
X
a+bθ1,bθ2

(x) = P
X
ḡa,bθ

(x).
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Example 3. Consider the general linear model Y = Xβ+ e, where β ∈ R
k and

the components of e are independent and normally distributed with mean zero

and known variance σ2. Then, for v = Xb belonging to the space V(X) spanned

by the columns of X,

G =
{

gvy = y + v
∣
∣
∣ v ∈ V(X)

}

=
{

gby = y +Xb
∣
∣
∣ b ∈ R

k
}

Ḡ =
{

ḡbβ = β + b
∣
∣
∣ b ∈ R

k
}

are generating groups. Trivially, gbY = Y +Xb = X(β + b) + e = Xḡbβ + e.

Example 4. Consider again a nonparametric context where the random sample

X1, . . . , Xn has marginal distribution function F . Then, the order-preserving

group

G =
{
g(x) = (g(x1), . . . , g(xn))

}
,

where g is an increasing monotonic transformation, is a generating group. Note

that there exists a function g such that g(X1), . . . , g(Xn) are independent with

marginal distribution G. In particular, X1, . . . , Xn constitute a random sample

with distribution F if and only if F (X1), . . . , F (Xn) are independent and uni-

formly distributed over the unity interval. In the same way, this is equivalent to

say that G−1F (X1), . . . , G
−1F (Xn) are independent with marginal distribution

G.

Definition 2. Let P = {Pθ | θ ∈ R} be generated by a translation group. Then,

a location parameter ψ mapping P into R is such that

ψ
(

P
X+ıa
θ

)

= ψ
(

P
X
θ+a

)

= ψ
(

P
X
θ

)

+ a,

where ı = (1, . . . , 1)′.

Definition 3. Let P = {Pθ1,θ2 | θ1 ∈ R, θ2 ∈ R+} be generated by a scale-

translation group. Then, a scale parameter ψ mapping P into R+ is such that

ψ
(

P
bX+ıa
θ1,θ2

)

= ψ
(

P
X
a+bθ1,bθ2

)

= bψ
(

P
X
θ1,θ2

)

.
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5.4 Principle of equivariance

Assume a model (X ,A,P), where P = {Pθ | θ ∈ Θ}, which is invariant to a

group G of transformation. Suppose that we want to estimate the parameter

vector θ under an invariant loss function, that is to say, ∀t1, t2 ∈ Θ, L(ḡt1, ḡt2) =

L(t1, t2). The principle of equivariance states that it is preferable to possess an

equivariant estimator T (X), i.e. T (gX) = ḡT (X).

Proposition. Consider an equivariant estimator θ̂ and the corresponding risk

function R
(

θ, θ̂
)

= Eθ

[

L
(

θ, θ̂(X)
)]

, where L is an invariant loss function.

Then, R
(

·, θ̂
)

is constant along the orbits of Ḡ.

Proof. For every ḡ ∈ Ḡ and θ ∈ Θ,

R
(

ḡθ, θ̂
)

≡ Eḡθ

[

L
(

ḡθ, θ̂(X)
)]

= Eθ

[

L
(

ḡθ, θ̂(gX)
)]

= Eθ

[

L
(

ḡθ, ḡθ̂(X)
)]

= Eθ

[

L
(

θ, θ̂(X)
)]

= R
(

θ, θ̂
)

. ¥

Corollary. Consider the same setting, but assume in addition that G is a

generating group. Then, R
(

θ, θ̂
)

= R
(
θ̂
)
, i.e. the risk function is constant and

does not depend on θ.

Proof. It is a trivial application of the proposition given that Ḡ, as a generating

group, has only one orbit. ¥

This is very important since we will be able to compare two estimators θ̂1

and θ̂2 by looking at their corresponding risk functions. Instead of using the

not always reasonable concept of UMRU estimator, we will be more concerned

with the uniformly minimum risk equivariant (UMRE) estimator.

5.5 Invariants and maximal invariants

Definition 1. Two elements x, x′ ∈ X are equivalent, x ∼ x′, if and only if

there exists a transformation g ∈ G such that x′ = gx. In other words, x is

equivalent to x′ if and only if they are in the same orbit.
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Definition 2. Note that the orbits of G in (X ,A) constitute measurable par-

titions of X . The smallest σ-algebra AG ⊆ A which contains all orbits of G is

denominated the invariant σ-algebra.

Definition 3. A measurable function T defined on (X ,A) is an invariant if

x ∼ x′ implies T (x) = T (x′). Putting in a different way, T is invariant if and

only if it is AG-measurable. Note that an invariant is constant over each orbit.

Definition 4. A measurable function T defined on (X ,A) is a maximal invari-

ant if T (x) = T (x′) is a necessary and sufficient condition for x ∼ x′, that is,

AG = AT .

Note that a maximal invariant is not only constant over each orbit, but it

also associates a different value for each orbit. It works as if it were putting a

different label in each orbit.

Trivial Consequence. If T is maximal invariant (AT = AG), then a measur-

able function S is invariant if and only if it is T -measurable.

Proposition. If G is a generating group, then invariance of S also implies

distribution freeness.

Proof. For every orbit A ∈ AG and ḡ ∈ Ḡ,

P
X
θ (A) = Pθ(X ∈ A) = Pθ(gX ∈ A) = Pḡθ(X ∈ A),

so that it does not depend on a particular θ. However, the invariance of S

implies AG-measurability, hence S−1(B) ∈ AG for B ∈ BS . Thus,

Pθ[S(X) ∈ B] = Pθ
[
X ∈ S−1(B)

]
= Pḡθ

[
X ∈ S−1(B)

]
= Pḡθ[S(X) ∈ B],

completing the proof. ¥

Example 1. Consider a location model where the orbits are of the form

{
(x1 + a, . . . , xn + a)

∣
∣ a ∈ R

}
in R

n. Then, (X2 −X1, X3 −X1, . . . , Xn −X1)

and (X1 − X̄,X2 − X̄, . . . ,Xn−1 − X̄) are, for instance, maximal invariants.
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5.6 Pitman estimators

Analogously to the Rao-Blackwellization procedure to produce UMRU estima-

tors, there is a scheme for constructing UMRE estimators under a quadratic

loss function. Recall that an UMRU estimator was achieved by taking the con-

ditional expectation of an unbiased estimator given a sufficient statistic. In

the present context, an UMRE estimator relates to the conditional bias of an

equivariant estimator given a maximal invariant of the model. This estimator

is denominated the Pitman estimator.

Consider, for instance, a location context where the random sample X =

(X1, . . . , Xn) has marginal density fθ. One maximal invariant for the location

model is, for instance, T (X) = (X2−X1, X3−X1, . . . , Xn−X1). Consider now

two equivariant estimators θ̆(X) and θ̂(X). Then,

θ̆(X)− θ̂(X) =
[

θ̆(X) + a
]

−
[

θ̂(X) + a
]

= ḡθ̆(X)− ḡθ̂(X)

= θ̆(gX)− θ̂(gX),

for every g ∈ G, which implies that θ̆(X)− θ̂(X) is invariant with respect to G,

and so it is measurable with respect to any maximal invariant. In particular,

θ̆(X)− θ̂(X) is measurable with respect to T (X). Thus,

θ̆(X) = θ̂(X) + ψ[T (X)],

where the function ψ can be chosen in order to minimize the risk function.

Under a quadratic loss function,

R
(
θ̆
)
= Eθ

[

θ̆(X)− θ
]2

= Eθ

[

ψ[T (X)] + θ̂(X)− θ
]2

.

However, this is a well known problem with solution

ψ∗(X) = argmin
ψ∈V

Eθ

[

ψ[T (X)]− θ + θ̂(X)
]2

= −Eθ
[

θ̂(X)− θ
∣
∣
∣T (X)

]

,

where V is the set of functions measurable with respect to T (X). Note that

ψ∗(X) relates to the conditional bias of the estimator θ̂(X) given the maximal
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invariant T (X). Then the UMRE estimator (under a quadratic loss function)

is θ̃(X) = θ̂(X)− Eθ
[

θ̂(X)− θ
∣
∣
∣T (X)

]

. However, due to the fact that θ̂(X) is

invariant, the UMRE estimator reduces to

θ̃(X) = θ̂(X)− E0

[

θ̂(X)
∣
∣
∣T (X)

]

.

Remark 1. The UMRE estimator is also unbiased.

Eθ

[

θ̃(X)
]

= Eθ

[

θ̂(X)
]

− Eθ
{

Eθ

[

θ̂(X)− θ
∣
∣
∣T (X)

]}

= Eθ

[

θ̂(X)
]

− Eθ
[

θ̂(X)− θ
]

= Eθ

[

θ̂(X)
]

− Eθ
[

θ̂(X)
]

+ θ

= θ.

Remark 2. Consider an UMVU estimator θ∗. If θ∗ is equivariant, then θ∗ = θ̃,

that is, it is also UMRE. If θ∗ is not equivariant, then R (θ, θ∗) ≤ R(θ̃). Note

that R(θ̃) = Var
[

θ̃(X)
]

does not depend on θ.

Remark 3. The Pitman form of an equivariant estimator, say θ̂ = X1, stands

for the explicit form of the conditional expectation given a maximal invariant,

say T (X) = (X2 −X1, . . . , Xn −X1). The joint density g0 of X1 and T (X) is

g0(u, v1, . . . , vn−1) = f0(u)

n−1∏

i=1

f0(vi + u),

where f0 is the marginal density of Xi under θ = 0. Accordingly, the joint

density h0 of T (X) under θ = 0 is

h0(v1, . . . , vn−1) =

∫ ∞

−∞
f0(u)

n−1∏

i=1

f0(vi + u)du.

Therefore, the Pitman form of the equivariant estimator relates to

E0

[

X1

∣
∣
∣T (X)

]

=

∫∞
−∞ uf0(u)

∏n−1
i=1 f0(vi + u)du

∫∞
−∞ f0(u)

∏n−1
i=1 f0(vi + u)du

.

Remark 4. The UMRE estimator for the location model under an absolute

deviation loss function is

θ̃(X) = θ̂(X)−medθ

[

θ̂(X)− θ
∣
∣
∣T (X)

]

= θ̂(X)−med0

[

θ̂(X)
∣
∣
∣T (X)

]

,
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which is median unbiasedness. In this case, ψ∗(X) relates to the conditional me-

dian of θ̂(X)−θ given T (X). Note, in particular, how the notion of unbiasedness

is strongly related to the loss function at hand.

Definition. An estimator θ̂ for θ is risk unbiasedness if

R
(

θ, θ̂
)

= Eθ

[

L
(

θ, θ̂(X)
)]

≤ Eθ
[

L
(

θ′, θ̂(X)
)]

6= R
(

θ′, θ̂
)

for every θ′ 6= θ.

Remark 5. Gaussian location models are the worst case possible for the estima-

tion of the location parameter! Consider a random sample X = (X1, . . . , Xn),

where Xi−θ ∼ N(0, 1). Then, under a quadratic loss function, the sample mean

X̄ is UMRE, UMRU, and UMVU for estimating θ. The corresponding risk is

R
(
X̄
)
= Var

[
X̄
]
= 1/n. Consider now a nonnormal density f0 belonging to the

location family, and denote by θ̃ the UMRE estimator. Then, by definition, the

risk associated with θ̃ is at most equal to the risk corresponding to the sample

mean X̄, i.e., R(θ̃) ≤ R
(
X̄
)
= 1/n. In other words, the location parameter is

more precisely estimated under nonnormality.

6 Hypothesis testing

Consider a model (X ,A,P), where P = H0 ⊕H1. The set H0 denotes the null

hypothesis of the test, whereas H1 denotes the alternative hypothesis. In the

parametric case, P =
{

Pθ

∣
∣
∣ θ ∈ Θ = H0 ⊕H1

}

. Testing is a decision problem

completely characterized by the partition of P. There are two possible decisions:

reject the null hypothesis RH0 or not. The decision function corresponds to a

test φ which maps (X ,A) into ([0, 1],B ∩ [0, 1]) in such way that φ(X) represents

the probability of rejecting the null hypothesis conditioned upon X. Note that

φ(X) = P
(

RH0

∣
∣
∣X
)

does not depend on the parameter θ.

The expected probability of rejecting the null hypothesis when it is in fact

correct, i.e. EP∈H0
φ, gives the size of the test. Accordingly, the expected
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probability of rejecting the null when the alternative is correct, i.e. EP∈H1
φ,

stands for the power of the test.

Neyman’s Principle. One should attempt to control for the risk of Type I

error EP∈H0
φ ≡ α(φ, P ) of the test φ. More precisely, one should consider only

tests φ whose risks of Type I error are uniformly smaller than a given level

α ∈ [0, 1], i.e., such that

sup
P∈H0

α(φ, P ) ≤ α.

The level α is called the significance level of these tests. Then, among these

tests, one searches for a test, if it exists, that minimizes the risk of Type II error

β(φ, P ) for every P ∈ H1, or equivalently, a test which maximizes the power

function EP∈H1
φ ≡ 1− β(φ, P ).

Definition. A test φ∗ is uniformly most powerful (UMP) within a class Cα of α-

level tests if φ∗ ∈ Cα =
{

φ : supP∈H0
EP (φ) ≤ α

}

is such that EP (φ∗) ≥ EP (φ)

for every P ∈ H1 and φ ∈ Cα.

Note that uniformly most powerful tests seldom exist. Therefore it is often

necessary to take into account additional principles, e.g. unbiasedness, invari-

ance, asymptotic and likelihood principles.

6.1 Simple null versus simple alternative

Consider a family P = {P0, P1}, where H0 = {P0} and H1 = {P1}. Suppose

that P0 and P1 are absolutely continuous. Then all feasible tests are represented

in the region M of the power diagram illustrated in figure 1.

Elementary Properties. First, note that the point (α, α) ∈M for α ∈ [0, 1].

In particular, (0, 0) and (1, 1) belong to M . Second, M is symmetric with

respect to
(
1
2 ,

1
2

)
since the fact that φ is a test implies that 1− φ is also a test.

Third, M is compact (closed and bounded). Fourth, M is convex because if φ1

and φ2 are tests, then φλ = λφ1 + (1− λ)φ2 is also a test for every λ ∈ [0, 1].
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Consider now the general case where P0 and P1 are not necessarily abso-

lutely continuous. Then, applying the Lebesgue decomposition to P1 provides

a partition (Q1, S1) such that Q1 is absolutely continuous with respect to P0,

whereas S1 is singular with respect to P0, i.e. there exists A ∈ A such that

P0(A) = 0 and S1(A) > 0. Then, for X ∈ A1 with P1(A1) > 0 and P0(A1) = 0,

there is no size cost in rejecting the null hypothesis. Accordingly, for X ∈ A0

with P1(A0) = 0 and P0(A0) > 0, there is no power loss in not rejecting the null.

This fact is illustrated in figure 2. By Neyman-Pearson’s Theorem, there exists

a UMP test under the probability level condition – a Neyman test – which is

always placed at the upper border of M in order to maximize power. Note that

the part of the upper border corresponding to the set A0 contains unadmissible

tests, since the size of these tests can be reduced without loss of power.

The points of M such that the northwest orthant with origin at M(φ) =

(
α(φ), 1 − β(φ)

)
intersects the risk diagram only at M(φ) stand for the set of

admissible tests. Therefore, by changing the level of significance α, it is easy

to see that the set of optimal tests in Neyman’s sense belongs to the set of

admissible tests. Accordingly, when P0 and P1 are absolutely continuous, these

two sets are identical.

Given a significance level α, we now characterize the tests that are optimal in
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Neyman’s sense. These tests are those that minimizes the risk of Type II error

β(φ), i.e. that maximizes the power E1φ subject to the level constraint E0φ =

α(φ) ≤ α. Because there are only two probability distributions in the model,

the model is always dominated by some measure µ — say, for instance, P0+P1.

Thus, P0 and P1 admit densities `0 and `1 with respect to µ, respectively.

Definition. A Neyman test is a test which satisfies

φ(x) =

{
1 if `1(x) > k`0(x),
0 if `1(x) < k`0(x),

where k is a real positive number.

Note that the definition of Neyman tests does not impose any restriction

when the equality `1(x) = k`0(x) holds. In addition, Neyman tests have a

natural interpretation. Namely, a hypothesis is accepted when it is sufficiently

likely relative to the alternative hypothesis. Moreover the test function of a

Neyman test can be written as

φ(x) =

{
1 if log `1(x)− log `0(x) > log k,
0 if log `1(x)− log `0(x) < log k,

that is, it can be expressed in terms of log-likelihood ratios.

Neyman-Pearson’s Theorem. (i) For any α ∈ [0, 1], there exists a Neyman

test φ such that E0φ = α. Moreover, for all x such that `1(x) = k`0(x), where

k is the real number defining φ, one can set φ to a constant γ irrespective of x.

(ii) For any α ∈ [0, 1], a Neyman test φ satisfying E0φ = α is optimal at the

significance level α. (iii) Conversely, for any given significance level α ∈ [0, 1],

an optimal test is necessarily a Neyman test.

Proof. (i) Denote by φ a Neyman test corresponding to a real number k such

that φ(x) = γ if `1(x) = k`0(x). Then,

E0φ = P0
(
`1(X) > k`0(X)

)
+ γP0

(
`1(X) = k`0(X)

)

= P0

(
`1(X)

`0(X)
> k

)

+ γP0

(
`1(X)

`0(X)
= k

)

= 1− F (k) + γ[F (k)− F (k−)],
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where F denotes the cumulative distribution of the likelihood ratio `1(X)/`0(X)

and F (k−) = limκ↑k F (κ). However F is right continuous, increasing, and such

that F (0−) = 0 and limk→∞ F (k) = 1, so that there exists a real number k0

which satisfies F (k−0 ) ≤ 1− α ≤ F (k0). Then, two cases can be distinguished.

(a) If F (k0) = 1−α, then a Neyman test φ corresponding to k = k0 and γ = 0

satisfies E0φ = α.

(b) If F (k−0 ) ≤ 1 − α < F (k0), then a Neyman test φ satisfies E0φ = α if

associated with k = k0 and

γ =
F (k0)− (1− α)
F (k0)− F (k−0 )

.

(ii) Let φ denote a Neyman test which satisfies the size constraint E0φ = α for

k ∈ R+. Consider now another test φ∗ for which the level constraint E0φ
∗ ≤ α

holds. Then, the integral

∫
[
φ(x)− φ∗(x)

][
`1(x)− k`0(x)

]
dµ(x)

is nonnegative. This stems from φ = 1 ≥ φ∗ if `1(x) > k`0(x) and φ = 0 ≤ φ∗

if `1(x) < k`0(x). Thus,

E1(φ− φ∗) ≥ kE0(φ− φ∗) = k(α− E0φ
∗).

Because the risk of Type I error associated with φ∗ is at most α, it follows that

E1φ is greater than or equal to E1φ
∗. Thus a Neyman test φ is optimal at the

significance level α. (iii) Let φ′ be an optimal test with significance level α. Let

φ be a Neyman test such that E0φ = α. From (ii), this Neyman test is also

optimal at level α. Because both tests are optimal, their power must be equal,

that is, E1φ
′ = E1φ. Consider now the integral

∫
[
φ(x)− φ′(x)

][
`1(x)− k`0(x)

]
dµ(x),

where k is an arbitrary positive real number. This integral is equal to

E1(φ− φ′)− kE0(φ− φ′) = k(E0φ
′ − α) ≤ 0.
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Next choose k as the number corresponding to φ. From (ii), the above inte-

gral is known to be nonnegative. Hence, this integral must be equal to zero,

which implies that the integrand is zero given that, from (ii), it is necessarily

nonnegative. This implies that

φ′(x) =

{
1 if `1(x) > k`0(x)
0 if `1(x) < k`0(x),

and so φ′ is a Neyman test. ¥

Note that if the probability distribution of the likelihood ratio `1(X)/`0(X)

is continuous under the null hypothesis H0, then P0
(
`1(X) = k`0(X)

)
= 0

for every k ∈ R. Thus, for any significance level α, there exists an optimal

nonrandomized test whose critical region is W =
{
`1(x) > k`0(x)

}
, where k is

defined by P0
(
`1(X) > k`0(X)

)
= α.

Suppose that there exists a sufficient statistic S. From the Neyman-Fisher

factorization criterion, `0(x) = h(x)g0(S(x)) and `1(x) = h(x)g1(S(x)), so that

the likelihood ratio is given by `1(x)/`0(x) = g1(S(x))/g0(S(x)). Therefore an

optimal Neyman test at the significance level α depends on the observations

solely through the sufficient statistic S.

Exponential Family. Consider a one-parameter exponential model with den-

sity `(x; θ) = C(θ)h(x) exp
(
Q(θ)T (x)

)
, where the parameter θ can only assume

two values, i.e. θ ∈ Θ = {θ0, θ1}. Assume that the model is identified and,

without any loss of generality, that θ1 > θ0 and that Q is strictly increasing in

θ, i.e. Q(θ1) > Q(θ0). By Neyman-Pearson’s Theorem, the optimal test for the

null hypothesis H0 : θ = θ0 against the alternative H1 : θ = θ1 is a Neyman test

of the form

φ(x) =







1 if `1(x) > k`0(x),
γ if `1(x) = k`0(x),
0 if `1(x) < k`0(x).

However,

`1(x)

`0(x)
=
C(θ1)

C(θ0)
exp

[(
Q(θ1)−Q(θ0)

)
T (x)

]
,
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where Q(θ1)−Q(θ0) > 0. Hence, a Neyman test can be written as

φ(x) =







1 if T (x) > c,
γ if T (x) = c,
0 if T (x) < c,

where the constants γ and c are determined by the size condition E0φ = α.

From this perspective, in the case of exponential models, the optimal Neyman

test can be expressed as a simple function of the privileged statistic.

6.2 Composite null versus simple alternative

Consider a family P = H0 ⊕H1, where H0 = {P1, . . . , Pm} and H1 = {Pm+1}.

Denote by fi the density of Pi with respect to the sum measure µ =
∑m+1
i=1 Pi.

For the sake of notation simplicity, let Ei represent the expectation under

fi. Then, the power diagrams Mm ∈ R
m and Mm+1 ∈ R

m+1 are associated

with the sets
{
E1φ, . . . , Emφ

∣
∣φ is a test

}
and

{
E1φ, . . . , Em+1φ

∣
∣φ is a test

}
,

respectively.

Elementary Properties. The power diagrams conserve all the elementary

properties described above. Namely, Mm and Mm+1 are convex, compact, and

symmetric with respect to the center (1/2, . . . , 1/2) of the hypercube.

Proposition (Generalized Neyman-Pearson’s Theorem). (i) For every

c = (c1, . . . , cm) ∈ Mm, there exists an (essentially) unique test φ maximizing

the power Em+1φ under the size constraint Eiφ = ci, i = 1, . . . ,m. (ii) Consider

a Neyman test φ which satisfies the size constraint, viz.

φ(x) =







1 if fm+1(x) >
∑m
i=1 kifi(x),

γ(x) if fm+1(x) =
∑m
i=1 kifi(x),

0 if fm+1(x) <
∑m
i=1 kifi(x),

where γ(x) stands for some randomization, such that Eiφ = ci, i = 1, . . . ,m for

some constants k1, . . . , km. Then, φ is equivalent to the maximizing test B+

in figure 2. (iii) If φ is a Neyman test which satisfies the size constraint and

the constants ki are nonnegative for i = 1, . . . ,m, then φ is the most powerful

test under the level constraint Eiφ ≤ ci, i = 1, . . . ,m. (iv) If c belongs to the

interior of Mm, then there exists a Neyman test satisfying the size constraint.
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Conversely, every test which maximizes power under the size constraint consists

in a Neyman test.
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Proof. (i) By convexity and closeness of Mm+1, it is clear that there are at

most two intersections with a vertical plane at c, say B− and B+ (see figure 3).

If B− = B+, then c belongs to the boundary of Mm. If B− 6= B+, then B+

corresponds to the most powerful test. (ii) Let φ′ satisfy the size constraint.

Then, for a Neyman test φ which also satisfies the size constraint, note that

∫

(φ− φ′)
(

fm+1 −
m∑

i=1

kifi

)

dµ ≥ 0,

due to the nonnegativity of the integrand. Therefore,

Em+1φ− Em+1φ
′ −

m∑

i=1

ki (Eiφ− Eiφ′) ≥ 0,

which implies that Em+1φ ≥ Em+1φ
′ since the last term of the left-hand side

is zero given that both tests satisfy the size constraint. (iii) Consider a test φ′
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such that Eiφ
′ ≤ ci for i = 1, . . . ,m. Then, using the same rationale gives

Em+1φ ≥ Em+1φ
′ +

m∑

i=1

ki (Eiφ− Eiφ′)
︸ ︷︷ ︸

≥0

,

which implies that a Neyman test φ satisfying the size constraint is the most

powerful test only if the constants ki are nonnegative. (iv) The convexity of

the power diagram implies that there exists a hyperplane H separating B+ and

the interior of Mm+1. For a point y belonging to this hyperplane, the following

equation holds
m+1∑

i=1

k̃iyi =

m∑

i=1

k̃ici + k̃m+1b,

where k̃m+1 6= 0. Otherwise all points in the vertical plane cutting the power

diagram would belong to the hyperplane. Taking ki = −k̃i/k̃m+1 yields

ym+1 −
m∑

i=1

kiyi = b−
m∑

i=1

kici.

For y ∈Mm+1, it is clear that

ym+1 −
m∑

i=1

kiyi ≤ b−
m∑

i=1

kici.

However, yi = Eiφ given that it belongs to Mm+1, so that

Em+1φ−
m∑

i=1

kiEiφ ≤ b−
m∑

i=1

kici

for all φ. This means that b −∑m
i=1 kici = ym+1 −

∑m
i=1 kiyi, for y ∈ H is

the quantity that maximizes Em+1φ−
∑m
i=1 kiEiφ. But B

+ is the intersection

of the hyperplane with the power diagram, so that it corresponds to the most

powerful test

Em+1φ−
m∑

i=1

kiEiφ ≤ Em+1φB+ −
m∑

i=1

kiEiφB+ ,

for φ ∈Mm+1. Hence,

∫

φ

(

fm+1 −
m∑

i=1

kifi

)

dµ ≤
∫

φB+

(

fm+1 −
m∑

i=1

kifi

)

dµ,
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where the equality holds for a Neyman test with constants ki. However, B+

also satisfies the size constraints, so that it corresponds to a Neyman test. The

converse argument follows in the same rationale. ¥

Remark. The most powerful test has the form of a classical Neyman test (with

constant k) for the mixture f0 =
∑m
i=1

ki
k fi against fm+1, i.e.

φ(x) =

{
1 if fm+1(x) > k

∑m
i=1

ki
k fi(x),

0 if fm+1(x) < k
∑m
i=1

ki
k fi(x),

where ki ≥ 0 and k =
∑m
i=1 ki. It is like associating the probability ki/k to

the density fi ∈ H0. For obvious reason, the vector (k1/k, . . . , km/k) is called

the mixing distribution. If the problem of testing the composite null H0 against

the simple alternative H1 has a solution (i.e. a most powerful test under a

probability level constraint), then this solution belongs to the set of all possible

Neyman tests for the simple null corresponding to the mixture of H0 against

the alternative H1.

6.3 Least favorable distributions

Consider a testing problem with composite null hypothesis H0 :
{
fθ
∣
∣ θ ∈ Θ

}

and simple alternative H1 : {g}. As usual, the aim is at maximizing the power

Eg(φ) subjected to a level constraint Eθ(φ) ≤ α for every θ ∈ Θ. Consider

now a simple hypothesis Hλ : {hλ}, where λ is a probability measure and

hλ(x) ≡
∫

Θ
fθ(x)dλ(θ). Then a Neyman test for Hλ against H1 has the form

φλ(x) =

{
1 g(x) > kλhλ(x),
0 g(x) < kλhλ(x).

Denote by Πλ = Eg(φλ) the power of this Neyman test. The mixing distribution,

say λ0, that we are looking for could well be the least favorable one, i.e. the

mixture hλ0
which is closest to g. In this way, we would be maximizing the

power of the test in the most difficult situation for distinguishing the mixture

of H0 from the alternative H1.

Definition. The least favorable mixing distribution λ0 is such that Πλ0
≤ Πλ

for every mixing distribution λ over Θ.
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Proposition. Assume that the mixing distribution λ0 is such that Eθ (φλ0
) ≤ α

for all θ ∈ Θ. Then, (i) φλ0
is most powerful for the initial problem H0 against

H1, and (ii) λ0 is the least favorable mixing distribution.

Proof. Let φ′ denote a test such that Eθ(φ
′) ≤ α for every θ ∈ Θ. Then,

Ehλ(φ
′) =

∫

X
φ′(x)hλ(x)dµ(x) =

∫

X

∫

Θ

φ′(x)fθ(x)dλ(θ)dµ(x)

=

∫

Θ

∫

X
φ′(x)fθ(x)dµ(x)dλ(θ)

≤
∫

Θ

α dλ(θ) = α

for all mixing distributions λ over Θ. Hence, under the assumption that the

probability level constraint holds, φλ0
has level α for any Hλ. However, φλ is

a Neyman test for the null Hλ, thus Egφλ0
= Πλ0

≤ Πλ for any λ over Θ.

This means, by definition, that λ0 is the least favorable mixing distribution.

Moreover if φ′ has level α under any Hλ, then φ′ has also level α under Hλ0
,

but it is less powerful than the correspondent Neyman test φλ0
. Therefore, φλ0

is the most powerful test for H0 against H1. ¥

Therefore, the strategy consists in identifying the least favorable distribution

λ0 which satisfies the α-level condition under the null hypothesis Hλ for every

λ over Θ. If λ0 really stands for the least favorable distribution for the null

hypothesis H0, then the correspondent test φλ0
maximizes the power subject to

the α-level constraint.

Example 1. Consider a parametric family of probabilities over Θ ⊆ R with

densities fθ with respect to the Lebesgue measure satisfying the monotone likeli-

hood ratio property. Let the null hypothesis correspond to H0 : θ ≤ θ0 whereas

H1 : θ > θ0 stand for the alternative hypothesis. It is easy to see that θ = θ0

constitutes the case under the null hypothesis which is closest to the alternative

hypothesis. Hence it seems plausible to take the mixing distribution degenerated

at θ0 as the least favorable mixing distribution. In addition, it is not difficult

to show that a Neyman test of fθ0 against fθ1 has level α for every θ1 ∈ H1, so

that maximum power is achieved for testing the null H0 against the alternative
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H1 (see subsection 6.4.1).

Example 2. Consider a random sample X = (X1, . . . , Xn) with identical

marginal density with respect to the Lebesgue measure over (R,B). Assume

further that this density is positive almost everywhere. Denote by ξp the pop-

ulation quantile of order p, that is, ξp = F−1(p). Let the null hypothesis of

interest be H0 : ξp0 ≤ u, whereas H1 : ξp0 > u stand for the alternative

hypothesis. Denoting by p = F (u) the true probability permits representing

the hypotheses of interest by H0 : p ≥ p0 and H1 : p < p0. Then, it is

recommendable to use the sign statistic M ≡ #{i |Xi ≤ u}, which has exact

distribution Bin(n, p). Note that p̂ = M/n stands for a consistent estimator of

p. From this perspective, it seems natural to reject the null hypothesis when M

is small. More precisely, the null is rejected if FBin(n,p) ≤ α for a test φ such

that Ep0φ = α. In order to apply the concept of least favorable distribution,

note that H0 is a composite hypothesis and a cumulative distribution F ∈ H0

can be characterized by (p, p+, p−), where p = F (u), p+ corresponds to the con-

ditional probability of X given that X > u, and p− represents the conditional

probability of X given that X < u. Then, the null hypothesis can be written

as H0 =
{
(p, p+, p−)

∣
∣ p ≥ p0

}
. Consider now an element (p1, p

+
1 , p

−
1 ) of the

alternative hypothesis H1 =
{
(p, p+, p−)

∣
∣ p < p0

}
. A natural candidate for the

least favorable distribution consists of (p0, p
+
1 , p

−
1 ), so that we need to look at

a Neyman test for (p0, p
+
1 , p

−
1 ) against (p1, p

+
1 , p

−
1 ). As the two last elements of

the hypotheses do not differ, a Neyman test will depend only in the discrepancy

between the first element of each hypothesis. More formally,

φN =
pM1 (1− p1)n−M
pM0 (1− p0)n−M

=

(
p1
p0

)M (
1− p1
1− p0

)n−M
,

which is also a Neyman test for the null of p = p0 against the alternative of

p = p1 < p0. Note that a Neyman test rejects the null hypothesis H0 in the

case of a large φN . Moreover, this test belongs to the family of monotone

likelihood ratio-based tests so that it is not only a most powerful test for the
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problem under consideration, but also a uniformly most powerful test. Finally,

two remarks are in place. First, as EH0
φN = α this test really considers the

least favorable distribution. Second, under the null hypothesis, φN is large if

and only if M is small, so that the sign test based on M is also uniformly most

powerful.

6.4 Tests of one-sided hypotheses

Consider a one-parameter model
(
X ,A,P =

{
Pθ
∣
∣ θ ∈ Θ

})
, where Θ is an in-

terval of R, which is dominated by a measure µ. Let {`(x; θ); θ ∈ Θ} denote

the family of strictly positive densities corresponding to the distributions Pθ,

θ ∈ Θ. The null hypothesis H0 of interest is defined by Θ0 = {θ : θ ≤ θ0} and

the alternative H1 consists in Θ1 = {θ : θ > θ0}, where θ0 is an element of Θ

such that both Θ0 and Θ1 are nonempty.

6.4.1 Monotone likelihood ratio family

Definition. The family P =
{
Pθ
∣
∣ θ ∈ Θ ⊆ R

}
consists in a monotone likelihood

ratio family if there exists a statistic U(x) with values in R such that, ∀θ′ > θ,

the ratio `(x; θ′)/`(x; θ) is a strictly increasing or decreasing function of U .

Note that by changing U to −U , there is no loss of generality in assuming

that the likelihood ratios are strictly increasing functions of U . The next theo-

rem states that there exists a UMP test under the conditions of the preceding

definition.

Proposition. Suppose that {`(x; θ); θ ∈ Θ} belongs to a strictly increasing

likelihood ratio family. Then, for any α ∈ [0, 1] there exists a UMP test with

significance level α for testing H0 : θ ≤ θ0 against H1 : θ > θ0. This test is

given by

φ(x) =







1 if U(x) > c,
γ if U(x) = c,
0 if U(x) < c,

where the constants γ and c are determined by the size condition Eθ0φ = α.

Proof. Consider the problem of testing the simple hypothesis H̃0 : θ = θ0
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against the simple alternative H1 : θ = θ′′, where θ′′ is a given value greater

than θ0. From Neyman-Pearson’s Theorem, an optimal test at level α is a

Neyman test of form

φ(x) =







1 if `(x; θ′′) > k`(x; θ0),
γ if `(x; θ′′) = k`(x; θ0),
0 if `(x; θ′′) < k`(x; θ0).

From the monotone likelihood ratio property it follows that this test can be

written as

φ(x) =







1 if U(x) > c,
γ if U(x) = c,
0 if U(x) < c,

where the constants γ and c are determined by the size condition Eθ0φ = α.

Note that this test does not depend on the choice of θ′′ (θ′′ > θ0). Therefore, the

test is UMP at level α for testing H̃0 : θ = θ0 against the composite alternative

H1 : θ > θ0. This means that φ is uniformly more powerful than any test φ̃ for

H̃0 satisfying Eθ0 φ̃ ≤ α. Hence, φ is more powerful than any test φ∗ satisfying

supθ∈Θ0
Eθφ

∗ ≤ α, i.e. than any test with level of significance α. In order to

complete the proof, it is necessary to verify whether the level of the test φ is also

less or equal to α. Let θ′ < θ0. From Neyman-Pearson’s Theorem, it follows that

the test φ is optimal at level Eθ′φ for testing H ′0 : θ = θ′ against H1 : θ = θ0.

However, Eθ0φ ≥ Eθ′φ, because the power of an optimal test is necessarily

greater than or equal to its significance level. Hence Eθ′φ ≤ Eθ0φ = α for every

θ′ < θ0. Thus the level of φ is α. ¥

Exponential Family. Consider a one-parameter exponential model with den-

sity `(x; θ) = C(θ)h(x) exp
(
Q(θ)T (x)

)
, where Q(θ) is strictly increasing. It

is clear that such a family is a strictly increasing likelihood ratio family in its

privileged statistic T . Therefore, it is not surprising that a Neyman test for

H0 : θ = θ0 against H1 : θ = θ1 > θ0 can be written in terms of the privileged

statistic (see subsection 6.1).
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6.4.2 Locally most powerful tests and score tests

When the probability family does not satisfy the monotone likelihood ratio

property, there may no longer exist a UMP test for one-sided hypotheses. In

general, however, it is possible to construct a test which is locally more powerful

for testing H0 : θ ≤ θ0 against H1 : θ > θ0. Such a test is optimal in Neyman’s

sense only in a neighborhood of the boundary value θ0.

Definitions. Consider the problem of testing H0 : θ ≤ θ0 against H1 : θ > θ0.

1. A test φ is locally of level α if there exists a neighborhood V of θ0 such

that

sup
θ≤θ0, θ∈V

Eθφ = Eθ0φ = α.

2. A test φ is locally more powerful than a test φ∗ if there exists a neighbor-

hood V of θ0 such that Eθφ > Eθφ
∗ for every θ > θ0, θ ∈ V.

3. A test φ is locally uniformly most powerful (LUMP) at level α if it is

locally at level α and if it is locally more powerful than any other tests

that are locally of level α.

Proposition 1. Suppose one considers only tests φ∗ such that Eθφ
∗ is differ-

entiable at θ0. Then a test φ satisfying

∂Eθφ

∂θ

∣
∣
∣
∣
θ=θ0

6= 0

is LUMP at level α if and only if it is locally of level α and satisfies

∂Eθφ

∂θ

∣
∣
∣
∣
θ=θ0

≥ ∂Eθφ
∗

∂θ

∣
∣
∣
∣
θ=θ0

,

for any test φ∗ which is locally of level α.

Proof. The result follows immediately from the Taylor expansion

Eθφ− Eθφ∗ = Eθ0(φ− φ∗) + (θ − θ0)
(

∂Eθφ

∂θ

∣
∣
∣
∣
θ=θ0

− ∂Eθφ
∗

∂θ

∣
∣
∣
∣
θ=θ0

)

+o(θ − θ0)

= (θ − θ0)
(

∂Eθφ

∂θ

∣
∣
∣
∣
θ=θ0

− ∂Eθφ
∗

∂θ

∣
∣
∣
∣
θ=θ0

)

+ o(θ − θ0),
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given that Eθ0φ = Eθ0φ
∗ = α and, under the alternative hypothesis, θ ∈ V such

that θ > θ0. ¥

Proposition 2. Suppose that it is possible to differentiate under the integral

sign. Then any LUMP test at level α is a score test, namely

φ(x) =







1 if Sθ0(x) > k,
γ if Sθ0(x) = k,
0 if Sθ0(x) < k.

where Sθ0(X) = ∂
∂θ log `(x; θ)

∣
∣
θ=θ0

, and k and γ are constants determined by

the condition Eθ0φ = α.

Proof. The proof is in the same line of the proof of Neyman-Pearson’s Theorem.

Note, however, that k is not necessarily positive. Nonetheless the proof still

applies because the tests under consideration are such that Eθ0φ
∗ = α instead

of Eθ0φ
∗ ≤ α. ¥

It is worth to stress that the score test can be viewed as a limit case of a

Neyman test for testing H0 : θ = θ0 against H1 : θ = θ1 > θ0, when θ1 converges

to θ0. Specifically, from Neyman-Pearson’s Theorem, a Neyman test is of the

form

φ(x) =

{
1 if

[
log `(x; θ1)− log `(x; θ0)

]
/(θ1 − θ0) > k,

0 if
[
log `(x; θ1)− log `(x; θ0)

]
/(θ1 − θ0) < k.

Then it suffices to note that the ratio
[
log `(x; θ1)− log `(x; θ0)

]
/(θ1 − θ0) con-

verges to Sθ0(x) as θ1 approaches θ0. In the special case where the probability

distribution of the score statistic is continuous under the null hypothesis H0,

then there exists a nonrandomized LUMP test at level α. Its critical region is

given by W = {Sθ0(X) ≥ k}, where k is defined by the condition Pθ0(W ) = α

on the risk of Type I error.

The exact distribution of the score statistic Sθ0(X) = Sθ0(X1, . . . , Xn) is

not always easy to determine. However, it is quite straightforward to derive

the asymptotic approximation to the critical region of the score test. In fact,

under some regularity conditions, the score vector has an asymptotic normal

distribution. Therefore, the score test is asymptotically nonrandomized with
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critical region

W =

{

Sθ0(X) >

√

nÎ(θ0)z1−α

}

,

where z1−α is the (1 − α)th quantile of the standard normal distribution and

Î(θ0) stands for a consistent estimator of the Fisher information associated with

one observation.

6.5 Unbiased tests

Definition 1. Consider a model
(
X ,A,P = {H0 ⊕H1}

)
. A test φ is unbiased

at level α if EPφ ≤ α for every P ∈ H0 and EQφ ≥ α for all Q ∈ H1. Put

differently, a test is unbiased if its power is never inferior to its size.

0

α/2

α

Eθφ

θ0 θ

φ−α/2

φ−α

φ+α/2

φ+α

Figure 4

Example. Consider a family of monotone likelihood ratio-based tests for the

null H0 : θ = θ0 against the alternative H1 : θ 6= θ0. Then a two-sided test

φα ≡ φ+α/2 + φ−α/2 cannot have uniformly more power than the one-sided tests

φ+α and φ−α in figure 4. However, in contrast to φα, both φ
+
α and φ−α are biased.

Definition 2. A test φ is uniformly most powerful and unbiased (UMPU) at

level α if (i) it is unbiased at level α and (ii) it is more powerful than any other

unbiased test of level α.
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Note that the condition (i) can be replaced by the condition that φ is of

level at most α, that is, the unbiasedness requirement is unnecessary. This

stems from the fact that the constant test φ′ = α is trivially unbiased, which

implies by condition (ii) that EPφ ≥ EPφ′ = α for any P ∈ H1. Accordingly, a

UMP test at level α is necessarily unbiased given that the power of such a test

is at least equal to the constant test φ′ = α. Therefore, any UMP test at level

α is also a UMPU test at level α.

In certain circumstances it is natural to aim at constructing a uniformly

most powerful test in the class of unbiased tests of level α, that is, a UMPU

test. Thereby, it is useful to think in a topology for P = {H0 ⊕H1} such that

EPφ is continuous for every φ and P ∈ P. Then, a necessary condition for

α-unbiasedness of a test φ consists in belonging to the class of α-similar tests

on H∗ = H0 ∩ H1, that is, EPφ = α for every P ∈ H∗. Note also that a test

is uniformly most powerful in the class of unbiased tests at level α if it is also

uniformly most powerful in the class of α-similar tests.

Proposition. (i) Let φ∗ be an unbiased test at level α. Suppose that the

function EPφ
∗ is continuous at any point of H∗. Then φ∗ is an α-similar test

on H∗. (ii) Suppose that the function EPφ is continuous at any point of H0

for every test φ. The a test φ∗ which is uniformly most powerful in the class

of α-similar tests on H∗ is necessarily uniformly most powerful and unbiased at

level α.

Proof. (i) Every P ∈ H∗ is not only the limit of a sequence {P0n} of probability

laws in H0, but also the limit of a sequence {P1n} of probability laws in H1.

The continuity in P of the mapping EPφ
∗ implies then that

EPφ
∗ = lim

n→∞
EP0n

φ∗ ≤ α and EPφ
∗ = lim

n→∞
EP1n

φ∗ ≥ α.

Thus EPφ
∗ = α for all P ∈ H∗, which implies that φ∗ is an α-similar test on

H∗. (ii) This is a direct consequence of (i), which implies that the class of

α-similar tests contains the class of unbiased tests at level α. ¥
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6.5.1 UMPU tests for one-parameter exponential models

Consider a one-parameter exponential model
(
X ,A,P = {Pθ

∣
∣ θ ∈ Θ}

)
, where Θ

is an open interval of R. The densities are `(x; θ) = C(θ)h(x) exp
(
Q(θ)T (x)

)
,

where Q(θ) is a strictly increasing and continuous function of θ. The problem

of interest consists in testing the null hypothesis defined by Θ0 = {θ : θ1 ≤

θ ≤ θ2} against the two-sided alternative hypothesis defined by Θ1 = Θc0, where

θ1, θ2 ∈ Θ. Albeit it is well known that there is no UMP test for this sort of

problem, there is a UMPU test at level α as the next proposition states.

Proposition. There exists a UMPU test at level α ∈ [0, 1] for testing the

null hypothesis H0 : θ1 ≤ θ ≤ θ2 against the two-sided alternative hypothesis

H1 : θ ∈ Θc0. In particular, this test is defined by

φ(x) =







1 if T (x) < c1 or T (x) > c2,
γ1 if T (x) = c1,
γ2 if T (x) = c2,
0 if c1 < T (x) < c2,

where the constants γi and ci (i = 1, 2) are determined by the size conditions

Eθ1φ = Eθ2φ = α.

Proof. Even though there is no UMP test for the hypotheses at hand, Lehmann

has shown that there exists a UMP test φ̃ at level 1− α for testing H̃0 : θ ≤ θ1

or θ ≥ θ2 against H̃1 : θ1 < θ < θ2. In particular, this test φ̃ is exactly identical

to the test 1 − φ, where φ is the candidate for UMPU test at level α. Because

it is optimal, the test φ̃ must be preferred to the constant test equal to 1 − α.

Thus, Eθφ̃ = Eθ(1 − φ) ≥ 1 − α for every θ such that θ1 < θ < θ2. It follows

then that Eθφ ≤ α for all θ, θ1 < θ < θ2, so that the level of φ is at most equal

to α. To complete the proof, it suffices to verify that φ is optimal in the class

of α-similar tests on H∗ = {θ1, θ2}, i.e. to show that the test φ̃ minimizes Eθφ
∗

subject to the constraints Eθ1φ
∗ = Eθ2φ

∗ = 1− α for every value θ ∈ Θ1. ¥

Corollary. There exists a UMPU test at level α ∈ [0, 1] for testing H0 : θ = θ0
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against H1 : θ 6= θ0, where θ0 is an interior point of Θ. This test is defined by

φ(x) =







1 if T (x) < c1 or T (x) > c2,
γ1 if T (x) = c1,
γ2 if T (x) = c2,
0 if c1 < T (x) < c2,

where the constants γi and ci (i = 1, 2) are determined by the conditions Eθ0φ =

α and Eθ0(φT ) = αEθ0T .

Proof. First, consider the previous result for θ2 converging to θ1. Given that

the form of the optimal test remains the same, we basically need to show how

the conditions determining the constants ci and γi (i = 1, 2) change when θ2

approaches θ1. Note however that these conditions can be written as Eθ1φ = α

and Eθ2φ− Eθ1φ = 0. Let θ1 = θ0 and θ2 = θ0 + ε, where ε converges to zero.

Then, Eθ0φ = α and
[
Eθ0+εφ−Eθ0φ

]
/ε = 0. At the limit, the second constraint

becomes ∂
∂θEθφ

∣
∣
θ=θ0

= 0. However,

∂Eθφ

∂θ

∣
∣
∣
∣
θ=θ0

=
∂C(θ)

∂θ

∣
∣
∣
∣
θ=θ0

∫

X
φ(x)h(x) exp

(
Q(θ0)T (x)

)
dµ(x)

+
∂Q(θ)

∂θ

∣
∣
∣
∣
θ=θ0

∫

X
φ(x)T (x)C(θ0)h(x) exp

(
Q(θ0)T (x)

)
dµ(x)

=

∫

X

(

∂ logC(θ)

∂θ

∣
∣
∣
∣
θ=θ0

+
∂Q(θ)

∂θ

∣
∣
∣
∣
θ=θ0

T (x)

)

φ(x)`(x; θ0)dµ(x)

=
∂ logC(θ)

∂θ

∣
∣
∣
∣
θ=θ0

Eθ0φ+
∂Q(θ)

∂θ

∣
∣
∣
∣
θ=θ0

Eθ0(φT ).

But the score vector has zero mean, hence

Eθ
∂ log `(x; θ)

∂θ
=
∂ logC(θ)

∂θ
+
∂Q(θ)

∂θ
EθT = 0.

Then it follows that Eθ0(φT ) = Eθ0φEθ0T = αEθ0T due to ∂
∂θEθφ

∣
∣
θ=θ0

= 0.

Note that, in particular, these conditions determining the constants ci and γi

imply that the test φ is orthogonal to the minimal sufficient statistic T under

the null hypothesis in the sense that Covθ0(φ, T ) = 0. ¥

Example. Consider a random sample X = (X1, . . . , Xn) drawn from a normal

distribution N(θ, 1) with mean θ ∈ R. Consider a testing problem defined by
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H0 : θ = θ0 against H1 : θ 6= θ0. The model is exponential with density

`(x, θ) =

(
1

2π

)n/2

exp

(

−nθ
2

2
− 1

2

n∑

i=1

x2i

)

exp(nθx̄).

The function Q(θ) = nθ is continuous and strictly increasing, thus there exists

a UMPU test based on the privileged statistic T (X) = X̄. In addition, under

the null, the distribution of the sample mean is normal N(θ0, 1/n), which is

symmetric about θ0. Thus the UMPU test at level α is a nonrandomized test

with critical region W =
{
|X̄ − θ0| > c

}
, where the constant c is such that

Pθ0(W ) = α. Note that this condition can be written as

Pθ0
(√
n|X̄ − θ0| >

√
nc
)
= α,

which implies that
√
nc equals the (1 − α/2)-th quantile z1−α/2 of a standard

normal distribution given that
√
n(X̄ − θ0) ∼ N(0, 1).

6.5.2 UMPU tests in the presence of nuisance parameters

Frequently one is interested in testing only a subset of the parameters of the

model. For instance, the problem can be that of testing a one-parameter hy-

pothesis in a multidimensional parameter model.

Definition. Consider a parametric model
(
X ,A,P = {Pθ

∣
∣ θ ∈ Θ}

)
. Let S be a

sufficient statistic in the submodel
(
X ,A,P = {Pθ

∣
∣ θ ∈ Θ∗}

)
, where Θ∗ ⊂ Θ. A

test φ is said to have a Neyman α-structure relative to S and Θ∗ if Eθ
(
φ
∣
∣S
)
= α

for every θ ∈ Θ∗.

Proposition 0. A test φ with Neyman α-structure relative to S and Θ∗ is α-

similar on Θ∗. Further, if S is complete in the submodel
(
X ,A,{Pθ

∣
∣ θ ∈ Θ∗}

)
,

then every α-similar test on Θ∗ has a Neyman α-structure relative to S and Θ∗.

Proof. Let φ be a test with Neyman α-structure relative to S and Θ∗. Then,

Eθ
(
φ
∣
∣S
)

= α for all θ ∈ Θ∗ and so, by the law of iterated expectations,

Eθφ = EθEθ
(
φ
∣
∣S
)
= α, ∀θ ∈ Θ∗. Therefore the test φ is α-similar on Θ∗.

Conversely, if a test is α-similar on Θ∗, Eθφ = EθEθ
(
φ
∣
∣S
)
= α, ∀θ ∈ Θ∗. Thus

51



Eθ
[
Eθ
(
φ
∣
∣S
)
− α

]
= 0, ∀θ ∈ Θ∗. From the definition of completeness, it fol-

lows that Eθ
(
φ
∣
∣S
)
= α, ∀θ ∈ Θ∗, which means that φ has Neyman α-structure

with regard to S and Θ∗. In addition, as S is sufficient for the submodel defined

by Θ∗, note that the subscript θ can be omitted in this conditional expectation,

i.e. E
(
φ
∣
∣S
)
= α, ∀θ ∈ Θ∗. ¥

The preceding definition and Proposition 0 are directly applicable to expo-

nential models with many parameters. Hereafter, it is assumed that the chosen

parameterization of the multi-parameter exponential model corresponds to its

canonical parameterization so that densities can be written as

`(x; θ) = C(θ) exp

(

θ∗T ∗(x) +
p−1
∑

i=1

λiSi(x)

)

,

with θ = (θ∗, λ1, . . . , λp−1)′. Denote by S = (S1, . . . , Sp−1)′ and by λ =

(λ1, . . . , λp−1)′. The parameter θ∗ is the scalar parameter of interest on which

the hypothesis is bearing, and λ is the vector of nuisance parameters.

The privileged statistic T = (T ∗, S′)′ is minimal sufficient and complete

for the exponential model under consideration. Sufficiency by itself ensures

that there are no costs in working with the induced model. The probability

distributions of the model induced by the privileged statistic T have densities

of the form

`(t, θ) = C̃(θ) exp

(

θ∗t∗ +
p−1
∑

i=1

λisi

)

,

where t = (t∗, s′)′ and s = (s1, . . . , sp−1)′. It is then easy to verify that the

conditional distribution of T ∗ given S = s has a density of the form `(t∗|s; θ∗) =

Cs(θ
∗) exp(θ∗t∗). The importance of conditioning is clear: The conditional

distribution does not depend on the nuisance parameter vector λ. Therefore,

the results on one-parameter models can be applied to the conditional model

for T ∗ given S.

Proposition 1. Consider a multi-parameter exponential model as described

above. Then there exists a UMPU test at level α for testing the null hypothesis
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H0 : θ∗ ≤ θ∗0 against the alternative H1 : θ∗ > θ∗0 . The test is given by

φ(t∗, s) =







1 if t∗ > c(s),
γ(s) if t∗ = c(s),
0 if t∗ < c(s),

where the functions c(s) and γ(s) are determined by conditions on the risk of

Type I error, namely Eθ∗0
[
φ(T ∗, S)

∣
∣S = s

]
= α, ∀s.

Proof. The first step consists in showing that the test φ is unbiased at level α.

Consider then the conditional model for T ∗ given S = s, where s is arbitrary.

This model is parameterized by a single parameter θ∗. Thus, it follows from

previous results that the test φ(T ∗, s) is UMP at level α for testing H0 : θ∗ ≤ θ∗0
against H1 : θ∗ > θ∗0 . Moreover, any UMP test at level α is also UMPU at level

α because the power of such a test is greater than or equal to the constant test

φ′ = α. Therefore, the test φ(T ∗, s) is conditionally unbiased at level α, i.e.

Eθ
[
φ(T ∗, S)

∣
∣S = s

]
≤ α, ∀θ ∈ Θ0 = {θ : θ∗ ≤ θ∗0},

Eθ
[
φ(T ∗, S)

∣
∣S = s

]
≥ α, ∀θ ∈ Θ1 = {θ : θ∗ > θ∗0}.

Applying the law of iterated expectations yields that φ(T ∗, S) is (uncondition-

ally) unbiased at level α, as required. The second step of the proof establishes

the optimality of the test φ. Note that, in the exponential model, the statis-

tic S is minimal sufficient and complete for the nuisance parameter λ when

θ ∈ Θ∗0 = {θ : θ∗ = θ∗0}. Under these circumstances, any unbiased test

is α-similar, which in turn has a Neyman α-structure relative to S and Θ∗0.

Thereof it follows that a test which is more powerful than any other test with

a Neyman α-structure relative to S and Θ∗0 must be UMPU. Now let ψ(T ∗, S)

be a test with a Neyman α-structure relative to S and Θ∗0, i.e. such that

Eθ∗0
(
ψ(T ∗, S)

∣
∣S = s

)
= α, ∀s. The power of such a test is

Eθψ =

∫ (∫

ψ(t∗, s)dP T
∗|S=s

θ∗ (t∗)

)

dPSθ (s), θ ∈ Θ1.

However, the test φ is UMP at level α in the conditional model for any s, hence

it maximizes the quantity in parentheses. Integrating then yields Eθφ ≥ Eθψ

for every θ ∈ Θ1. ¥
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However, it is not always easy to the functions c(s) and γ(s) corresponding

to the UMPU test. The determination of such functions may become easier

by invoking the next result, which replace the functions c(s) and γ(s) by two

constants c and γ.

Proposition 2. Under the assumptions of Proposition 1, if U = f(T ∗, S) is an

ancillary statistic for θ ∈ Θ∗0 = {θ : θ∗ = θ∗0} and if f is strictly increasing in t∗

for any given s, then the test defined by

φ∗(u) =







1 if u > c,
γ if u = c,
0 if u < c,

with Eθ∗0φ
∗ = α, where u = f(t∗, s), is UMPU at level α for testing H0 : θ∗ ≤ θ∗0

against H1 : θ∗ > θ∗0 .

Proof. It is straightforward to show that the test φ∗ exists by using a reasoning

similar to the proof of (i) in Neyman-Pearson’s Theorem. Then, given that the

function f is strictly increasing in t∗, the test φ∗ can be written as

φ∗
(
f(t∗, s)

)
=







1 if t∗ > c(s),
γ(s) if t∗ = c(s),
0 if t∗ < c(s).

Note that this form corresponds to an optimal test according to Proposition 1,

hence it remains to verify that the conditions of Proposition 1 which determines

c(s) and γ(s) hold, i.e. that φ∗ has a Neyman α-structure relative to S and

Θ∗0. But S is sufficient and complete for θ ∈ Θ∗0 and U is ancillary for θ ∈ Θ∗0.

From Basu’s Theorem, it follows that S and U are independent when θ ∈ Θ∗0.

This implies, in turn, that α = Eθ∗0φ
∗ = Eθ∗0

[
φ∗(U)

∣
∣S = s

]
because φ∗ is

U -measurable. ¥

Similar results can be obtained when the null hypothesis is of the form

H0 : θ∗1 ≤ θ∗ ≤ θ∗2 orH ′0 : θ∗ = θ∗0 , that is to say, when the alternative hypothesis

is two-sided. In what follows, some propositions, which are completely analogous

to those obtained in the one-sided case, are stated without any proof.

Proposition 3. Consider the multi-parameter exponential model as described

above. Then, there exists a UMPU test at level α for testing the hypothesis
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H0 : θ∗1 ≤ θ∗ ≤ θ∗2 against H1 : θ∗ < θ∗1 or θ∗ > θ∗2 . The test is given by

φ(t∗, s) =







1 if t∗ < c1(s) or t∗ > c2(s),
γ1(s) if t∗ = c1(s),
γ2(s) if t∗ = c2(s),
0 if c1(s) < t∗ < c2(s),

where the functions ci(s) and γi(s) are determined by conditions on the risk of

Type I error, namely Eθ∗
i

[
φ(T ∗, S)

∣
∣S = s

]
= α, ∀s (i = 1, 2).

Proposition 4. Consider the multi-parameter exponential model as described

above. Then, there exists a UMPU test at level α for testing the hypothesis

H0 : θ∗ = θ∗0 against H1 : θ∗ 6= θ∗0 . The test reads

φ(t∗, s) =







1 if t∗ < c1(s) or t∗ > c2(s),
γ1(s) if t∗ = c1(s),
γ2(s) if t∗ = c2(s),
0 if c1(s) < t∗ < c2(s),

where the functions ci(s) and γi(s) are determined by a condition on the risk of

Type I error, namely Eθ∗0
[
φ(T ∗, S)

∣
∣S = s

]
= α, ∀s and another of conditional

independence between T ∗ and φ(T ∗, S) given S, viz.

Eθ∗0
[
T ∗φ(T ∗, S)

∣
∣S = s

]
= αEθ∗0

[
T ∗
∣
∣S = s

]
, ∀s.

As in the one-sided case, the functions ci(s) and γi(s) may be replaced by

constant functions.

Proposition 5. Consider the multi-parameter exponential model as described

above and the problem of testing null hypotheses such as H0 : θ∗1 ≤ θ∗ ≤ θ∗2 or

H ′0 : θ∗ = θ∗0 . In the first case, it is assumed that there is a statistic U = f(T ∗, S)

which is ancillary on Θ∗1 ≡ {θ : θ∗ = θ∗1} and Θ∗2 ≡ {θ : θ∗ = θ∗2} such that the

function f is strictly increasing in t∗ for every given s. In the second case, it is

assumed that the statistic U = f(T ∗, S) is ancillary on Θ∗0 ≡ {θ : θ∗ = θ∗0} and

that f is linear and strictly increasing in t∗ for every given s. Then there exists

a UMPU test at level α, which is given by

φ∗(u) =







1 if u < c1 or u > c2,
γ1 if u = c1,
γ2 if u = c2,
0 if c1 < u < c2,
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where u = f(t∗, s) and the constants ci and γi are determined by Eθ∗
i
φ∗ = α

(i = 1, 2), when testing H0, and by Eθ∗0φ
∗ = α and Eθ∗0 (Uφ

∗) = αEθ∗0U , when

testing H ′0.

Proof. Given that f is an strictly increasing function, then the test φ∗ is of the

form considered in Propositions 3 and 4, namely

φ∗
(
f(t∗, s)

)
=







1 if t∗ < c1(s) or t∗ > c2(s),
γ1(s) if t∗ = c1(s),
γ2(s) if t∗ = c2(s),
0 if c1(s) < t∗ < c2(s).

In the case of testing H0, U is ancillary on Θ∗1 and Θ∗2. Thus, U is independent

of S on Θ∗1 and Θ∗2. Hence, Eθ∗
i
φ∗ = Eθ∗

i

(
φ∗(U)

∣
∣S = s

)
= α, ∀s, i = 1, 2.

Therefore, φ∗ satisfies the optimality conditions of Proposition 3 as required.

In the case of testing H ′0, U is ancillary on Θ∗0, and so it is independent of S

on Θ∗0. Hence, Eθ∗0φ
∗ = Eθ∗0

(
φ∗(U)

∣
∣S = s

)
= α, ∀s. Moreover, using U =

a(S)+b(S)T ∗ and the same independence argument, the condition Eθ∗0
(
Uφ∗

)
=

αEθ∗0U can be written as

Eθ∗0 [a(S)φ
∗ + b(S)T ∗φ∗] = αEθ∗0a(S) + αEθ∗0 [b(S)T

∗]

⇒ Eθ∗0 [b(S)T
∗φ∗] = αEθ∗0 [b(S)T

∗]

⇒ Eθ∗0
[
b(S)Eθ∗0

(
T ∗φ∗ − αT ∗

∣
∣S
)]

= 0.

However, S is complete, hence b(s)Eθ∗0
(
T ∗φ∗ − αT ∗

∣
∣S = s

)
= 0, ∀s. Further,

since b(s) is strictly positive everywhere, then

Eθ∗0
[
T ∗φ(T ∗, S)

∣
∣S = s

]
= αEθ∗0

[
T ∗
∣
∣S = s

]
, ∀s.

Thus, φ∗ satisfies the optimality conditions of Proposition 4 as required. ¥

Example 1. Consider a random sample X = (X1, . . . , Xn) drawn from a

normal distribution N(µ, σ2). The densities of the model are of the form

`
(
x;µ, σ2

)
=
(
2πσ2

)−n/2
exp

(

−nµ
2

2σ2

)

exp

(

− 1

2σ2

n∑

i=1

x2i +
µ

σ2

n∑

i=1

xi

)

.

This family of densities is exponential with natural parameters θ∗ = −1/
(
2σ2
)

and λ = µ/σ2 and privileged statistics T ∗ =
∑n
i=1 x

2
i and S =

∑n
i=1 xi. Now
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consider the null hypothesis σ2 ≤ σ20 . This hypothesis bears on one natural

parameter since it can be written as H0 : θ∗ ≤ θ∗0 . Thus there exists a UMPU

test of this hypothesis at level α. To determine such a test, note that

U =

n∑

i=1

(Xi − X̄)2

σ20
∼ χ2(n− 1)

when σ2 = σ20 . Hence U is distribution free when θ∗ = θ∗0 . In addition, U is

also ancillary due to its (T ∗, S)-measurability, viz.

U =
1

σ20

(
n∑

i=1

X2
i − nX̄2

)

=
1

σ20

(
T ∗ − S2/n

)
.

Moreover, U is a linear function increasing in T ∗, so that it follows from Propo-

sition 2 that a UMPU test at level α is given by the critical region

W =

{
n∑

i=1

(Xi − X̄)2 ≥ σ20χ21−α(n− 1)

}

,

where χ21−α(n− 1) is the (1−α)-th quantile of the chi-square distribution with

n− 1 degrees of freedom.

Example 2. Consider the problem of testing independence in a two-by-two

contingency table. Suppose that the frequencies nij (i, j = 0, 1) follow a multi-

nomial distribution M(n; pij). The hypothesis of independence then reads

H0 : p00 p11 = p01 p10,

or equivalently as

H0 : θ∗ = log p00 + log p11 − log p01 − log p10 = 0.

Thus, the problem boils down to testing the nullity of a linear combination of

the logarithms of the cell probabilities. Given the structure of a multinomial

density, there is a UMPU test at level α for testing independence. In order to

find the form of such an optimal test, it is helpful to rewrite the density of the

model so as to single out the parameter of interest θ∗

`(n; p) =
n!

n00!n10!n01!n11!
pn00
00 p

n10
10 p

n01
01 p

n11
11

=
n!

n00!n10!n01!n11!
exp(n log p11) exp (θ

∗T ∗ + λ1S1 + λ2S2) ,
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where n = n00 + n01 + n10 + n11, λ1 = log p01 − log p11, λ2 = log p10 − log p11,

T ∗ = n00, S1 = n00+n01, and S2 = n00+n10. From Proposition 4, it follows that

a UMPU test can be constructed from the conditional distribution of T ∗ given

S = (S1, S2)
′. However, it is well known that, conditionally on S2, the random

variables n00 and n01 are independent and follow respectively the Binomial

distributions

B

(

S2,
p00

p00 + p10

)

and B

(

n− S2,
p01

p01 + p11

)

.

Now, under the null hypothesis of independence, the ratio p00/(p00 + p10) and

p01/(p01+p11), which can be interpreted as conditional probabilities, are equal.

Then, it is readily seen that the conditional distribution of T ∗ given S under

H0 is a hypergeometric distribution, i.e.

PH0

(
T ∗ = t∗

∣
∣S = s

)
=

(
s2
t∗

)(
n− s2
s1 − t∗

)

(
n
s1

) .

In principle, it is possible to use a table of hypergeometric distributions to

determine the constants ci(s) and γ(s) of Proposition 4 for all s. Such derivation,

however, is relatively complex. This is one reason for introducing asymptotic

tests.

6.5.3 Locally uniformly most powerful and unbiased tests

In the last subsection, the problem was of testing a null hypothesis regarding

one parameter of a multi-parameter exponential model. In what follows, the

setting is somewhat different: the model has only one parameter θ, but it is

not necessarily exponential. The null hypothesis is of the form H0 : θ = θ0

against the alternative hypothesis H1 : θ 6= θ0. Note that techniques for finding

a locally most powerful test no longer apply, because these methods reduce here

to find a test φ which maximizes simultaneously

∂Eθφ

∂θ

∣
∣
∣
∣
θ=θ0

and −∂Eθφ
∂θ

∣
∣
∣
∣
θ=θ0
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in the class of tests satisfying Eθ0φ = α. A possible solution is to restrict this

search to tests which are locally unbiased at level α.

Definitions. Consider the problem of testing the null hypothesis H0 : θ = θ0

against the alternative hypothesis H1 : θ 6= θ0.

1. A test is locally unbiased at level α if Eθφ is twice differentiable in θ0 and

if Eθ0 = α,

∂Eθφ

∂θ

∣
∣
∣
∣
θ=θ0

= 0 and
∂2Eθφ

∂θ2

∣
∣
∣
∣
θ=θ0

> 0.

2. A test is locally uniformly most powerful and unbiased (LUMPU) at level

α if it is locally unbiased at level α and if

∂2Eθφ

∂θ2

∣
∣
∣
∣
θ=θ0

≥ ∂2Eθφ
∗

∂θ2

∣
∣
∣
∣
θ=θ0

for any other locally unbiased test φ∗ at level α.

Thus, in order to find a LUMPU test at level α, one needs to solve the

following optimization problem

max
φ

∂2Eθφ

∂θ2

∣
∣
∣
∣
θ=θ0

subject to Eθ0 = α

∂Eθφ

∂θ

∣
∣
∣
∣
θ=θ0

= 0.

In the parametric case where Pθ has a density `(x; θ) with respect to some

measure µ, this optimization problem can be written as

max
φ

∫

X
φ
∂2`(x; θ)

∂θ2

∣
∣
∣
∣
θ=θ0

dµ(x)

subject to

∫

X
φ`(x; θ0) dµ(x) = α

∫

X
φ
∂`(x; θ)

∂θ

∣
∣
∣
∣
θ=θ0

dµ(x) = 0.

A simple extension of Neyman-Pearson’s Theorem resolves this problem.
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Proposition. The test defined by

φ(x) =







1 if ∂2`(x;θ)
∂θ2

∣
∣
∣
θ=θ0

> k1
∂`(x;θ)
∂θ

∣
∣
∣
θ=θ0

+ k2 `(x; θ0),

γ if ∂2`(x;θ)
∂θ2

∣
∣
∣
θ=θ0

= k1
∂`(x;θ)
∂θ

∣
∣
∣
θ=θ0

+ k2 `(x; θ0),

0 if ∂2`(x;θ)
∂θ2

∣
∣
∣
θ=θ0

< k1
∂`(x;θ)
∂θ

∣
∣
∣
θ=θ0

+ k2 `(x; θ0),

with Eθ0φ = α and

∂Eθφ

∂θ

∣
∣
∣
∣
θ=θ0

= 0

is LUMPU at level α for testing the hypothesis H0 : θ = θ0 against the alterna-

tive H1 : θ 6= θ0.

Proof. Suppose that φ satisfies the stated conditions. Then for any test φ∗,

∫

X
(φ− φ∗)

(

∂2`(x; θ)

∂θ2

∣
∣
∣
∣
θ=θ0

− k1
∂`(x; θ)

∂θ

∣
∣
∣
∣
θ=θ0

− k2 `(x; θ0)
)

dµ(x) ≥ 0.

If φ∗ is also locally unbiased at level α, then using the constraints on φ reduces

the preceding inequality to

∫

X
(φ− φ∗) ∂

2`(x; θ)

∂θ2

∣
∣
∣
∣
θ=θ0

dµ(x) ≥ 0,

which means that

∂2Eθφ

∂θ2

∣
∣
∣
∣
θ=θ0

≥ ∂2Eθφ
∗

∂θ2

∣
∣
∣
∣
θ=θ0

.

Therefore, φ is uniformly more powerful than any other locally unbiased test at

level α. ¥

Note that the condition

∂2`(x; θ)

∂θ2

∣
∣
∣
∣
θ=θ0

> k1
∂`(x; θ)

∂θ

∣
∣
∣
∣
θ=θ0

+ k2 `(x; θ0)

can be rewritten in terms of the score vector Sθ0(x) = ∂ log `(x; θ0)/∂θ, i.e.

∂Sθ(x)

∂θ

∣
∣
∣
∣
θ=θ0

+ S2
θ0(x) > k1 Sθ0(x) + k2.

Therefore, given a sampling model where `(x; θ) =
∏n
i=1 `(xi; θ) and under some

appropriate regularity conditions, the random variable n−1/2Sθ0(X) is asymp-

totically distributed as a centered normal variable under the null hypothesis.
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Moreover, (1/n) ∂
∂θSθ(X)

∣
∣
θ=θ0

converges almost surely to a constant c. There-

fore the critical region obtained above for a sample size of n can be asymptoti-

cally expressed as

{(
Sθ0(X)√

n

)2

>
k1(n)√
n

Sθ0(X)√
n

+
k2(n)

n
− c
}

,

is asymptotically equivalent to a critical region of the form

{
Sθ0(X)√

n
> c1(n)

}

∪
{
Sθ0(X)√

n
< c2(n)

}

.

However, using the conditions of the preceding proposition indicates that the

LUMPU test is of the form {|Sθ0(X)| > √nc∗}. Then, a similar reasoning to the

argument put forward in subsection 6.2.2 shows that, under suitable regular-

ity conditions, this LUMPU test is asymptotically nonrandomized with critical

region
{

|Sθ0(X)| >
√

nÎ(θ0)z1−α/2

}

,

where z1−α is the (1 − α)th quantile of the standard normal distribution and

Î(θ0) stands for a consistent estimator of the Fisher information associated with

one observation. This test is called a two-sided score test.
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